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ABSTRACT 

This handbook has been compiled to provide a 
reference for teachers at all levels who are implementing the metric 
system in their classroom. It includes practical suggestions and 
recommendations for teaching the metric system, as well as papers 
identifying and discussing the fundamental mathematical and 
psychological issues underlying the teaching of the metric system in 
the schools. The articles — some reprinted from recent issues of the 
•'Arithmetic Teacher,'* some written especially for this 
publication — are organized under five headings: Introducing thq 
Metric System; Teaching the Metric System: Activities; Teaching the 
Metric System: Guidelines; Looking at the Measurement Process; and 
Metrication, Measure, and Mathematics. (Editor/DT) 
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Introduction 



cariimhouscs of the Educational Resources Information Center (ERIC) 
arc charged with both information gathering and information dissemination. 
As the growing movement to convert the basic measuring systems of the 
United States to the metric system became apparent, the ERIC Clearinghouse 
for Science. Mathematics, and Environmental Education commissioned a 
paper that would identify and discuss the fundamental mathematical and 
psychological issues underlying the teaching of the metric system in the 
schools. The result of that commission is the article "Metrication. Measure, 
and Mathematics** in this '.andbook. 

As work on that paper progressed, it became obvious that a compilation 
of practical suggestions and recommendations for teaching the metric system 
was also needed. Indeed, it seemed that a theoretical paper discussing basic 
issues would be enhanced by including it as a component of such a collection. 
7'hc April 1973 and May 1973 issues of the Ariilifncik Teacher provided 
excellent sources of such recommendations, and the ERIC Clearinghouse 
contacted the National Council of Teachers of Mathematics to explain the 
concept of the handbook and to seek permission to include NCTM materials. 
The enthusiastic response of NCT.M resulted in the suggestion of a joint 
project. The scope of the original project was greatly expanded, and ad- 
ditional short papers were commissicnied to (ill gaps in ccu'erage within 
the handbook. 

.Although the |)apers in this handbcH)k present a remarkably unified set 
of reetnnmendaticMis, there are scmiic contradictions in specific details, as 
might be expected when seventeen dillerent authors are represented. The 
ultimate resokition of these confiicts will depend on what happens in class- 
rooms, since successful classroom learniiig is the fmal lest of educational 
theory. For this reason, (he handbook is addressed to teachers. It is hojxd 
that it will prove to be both a useful and a frequently used resource for teachers. 
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A quick guide to the handbook 



TTliis handhcHik has hocn ccmipilcd to prcnidc a reference fcir teacliers at 
all levels who are implementing tiic nietrie system in their classrooms. Here 
is a brief summary of the articles in the haiuihocik that ma\' make the task 
of llnding specific information somewhat easier. 

1. Introducing the Metric System 

Are ytni interested in arbitrary units, fundamental metric units, and schemes 
for subdividinLi units? The article "Activities ftir Introducing Metric Con- 
cepts tt) Teachers" presents these ideas via sample classroom acliviiies that 
require inexpensive or homemade equipment. 

Do you need to convince someone that the English system of measure- 
ment is cumbersome? Then read Inching Our Way towards the Metric 
System.*' This article also presents tables of basic relationships between 
metric units and an explanation of how tlie metric system was developed. 

''7'he Metric System: Past, Present — Future?" provides an insight into the 
role of measure in national afTairs, A detailed history of interest in the 
metric system in the United States is given, A summary of this history is 
provicled in "Historical Steps toward Metrication," 

2, Teaching the Metric System: Activities 

Suggestions for introducing the metric system in the classroom are con- 
tained in "Experiences for Metric Missionaries." Conversion charts showing 
the relative sizes of metric imits and their English coimterparts are also 
included. 

Ideas for making your own metric equipment are expressed in "Metric 
Equipment: How to Improvise," The article alsc^ explains how to subdivide 
a line segment into ten equal parts, 

"Think Metric — Live Metric" emphasi/cs the importance of estimating 
metric measures and provides a series of charts for recalibrating conm-ion 
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hcnischold mcnsuriiiL^ devices to the metric system. Sample test items for 
jiklgint! your own ability to apply the metric system are also incliKlcd, 

Games can he exciting tools fcM* leaching hoth metric facts and metric 
measuring skills. "Procedures for Designing Your Own Metric Games for 
I^ipil hu'olvemenl" lists principles fcM* making such games and gives an 
example of a game involving weighing objects in kilograms. 

The sectitMi concludes with samples of activities iuul worksheets relating 
to the metric system that have appeared in the 'ideas'' department of recent 
issues of the Ar'uhnwiic Teacher. 

3. Teaching the Metric System: Guidelines 

Six ideas for converting a school curriculum to the metric system arc 
contained in "Sehcn^ls Are Going Metric." 

The NCTM Metric Implementation Committee sugg sts both general and 
specific guidelines for teaching measurement and the metric system in the 
article '\Melric: Not //, hut How. 

i^lacemeni oi metric-system topics and skills in the elementary and sec- 
(Midary curriculum is discussed in "Teaching the Metric System as Part of 
Compulsory Conversion in the United States." 

".Metric Curriculum: Scope, Sequence, and Guidelines" expands the ideas 
(>f the twci previous articles. !\ scc|uenee of topics relating to the metric 
system is suggested for primary, intermediate, and secondary levels. Teach- 
ing guidehnes are also presented, 

4. Looking at the Measurement Process 

What skills are necessary for measuring'.^ "Ten Basic Steps for Successful 
.Metric Measurement" considers basic skills and suggests a natural sequence 
ftir their development. 

"Thinking about Measurement" reviews the work of Piaget with respect 
tt) measurement and suggests specific teaching activities that are consonant 
with Piaget's fmdings. 

Actual measurements are approximations. 'I'he article "Teaching about 
'.•\boul' " sugiiests thai a measurement is between bounds and develops 
an arithmetic for the;e bounds. 

5. Metrication, Measure, and Mathematics 

I his article considers measurement as a mathematical function, and ex- 
plores several measure functions, Psycfiological difhculties and considerations 
in the teaching of measure functions imd the applications of measure functions 
to metricati(Mi are considered. Teaching suggesticms conclude the paper. 
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T? lie best way lo learn ahcnil I lie metric systtMn is to use it! Mere are serine s^nnple 
aciivilies that show you some of the advantages oT the system. They are restricted 
10 activities that use simple materials. As you work throutzh them, you should 
consider how they might he adapted to use other materials, either commercial or 
teacher made, and if thev are suitable tt^ the age or grade level ycui teach. 



Work Card Arbitrary units 

r^'ind a textbook. Measure its length using your index fmgcr as a length 
unit. How many lingers long is the book? 

Now pass the book to a neighbor. Have him measure the length of the 
book using the length of ///.v index linger as a unit. How long docs he say 
the btiok is? 

Htuv do your [\\o measurements compare? 

Is there a problem if the book is ntit a whole number of lingers long? 
Wliat might you do to help solve the problem? 



Work Card ^2: Parts of units 

Use the same textbook ycni used for W(M"k card ^1. Measure its width 
using the length of your index fmger. What is its width to the nearest whole 
linger? 

Now measure the width of the textbook using as a basic unit the width of 
your thumb. What is the width of the fcxtbook to the nearest whole thumb'? 

If ycHi are restricted to whole-number measurements, which do you think 
is the better measure to use, fmi^crs or thumbs? 

Imagine that you measured the width of the textbook using the thickness 
of y(Hn* fingernail as the unit of length. Which would be the best measure 
to use, lingers, thumbs, or lingcrnails? 

What are the disadvantages of using fmgernail thicknesses as length units? 

C\)uld you improve the prtK^ess by using some combination of finger, 
thumb, i'.nd fingernail units'? What rules might you have to make to be 
surv dilTcreni people' could get the same linger, thumb, and fingernail measiire- 
mcnls for a uiven book width'.^ 
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Work Card ^3: Fractional units 

It may be inoiv accurate to measure with smaller units, Init most people 
irct tircJ of eouiUiiiL: tlie liiii numlxMs that result. A good ciMiipromise is 
to use a big unit that is subdivided \\\io smaller t'raeticMial parts. One can use 
the big unit to measure most o'i tiic kMigth ai'i^l count only the fractional parts 
for the last partial unit of length. 

.At the bottiMn of this work card are big units that ha\'c heen divided into 
fraetiiMial parts. The nai^ie of the big unit is the awkwciril. 

I low many fractional parts make one awkward? 

C\m viKj name one of the frnetiona! parts? {You may want to make up 
a name of your luvn for this s'ibdi\ ision. \W creative I ) 

Measure the leiiglii. width. an».l thickness of a textbook, to the ne;irest frac- 
tional aw'kwaid. 

Pass the book to your neighbor and compare measurements. Do ihcy 
matcli'.^ Why or w hy not? 

0 i 2 

A.vkward 



Work Card -4; Computed measures 

Imagine a scjuare [Ticce of paper one awkward on each side. Htnv tnany 
of thcni could you lay on top of the tcxif^ook'? Make a guess to the nearest 
whole scjuai'c awkward. 

Cakailatc the area of the top of the textbook in square awkwards by 
multiplying the length in awkwards by the width in awkwards. 

How does your calculation comjxire with your guess? 

If your length and width measures included fractional parts t^f an awkward, 
your area measure should include some fractional [xirts of a stjurae awkward. 
If you use only the subdivisions shown on work card ^3. what wtnild be 
the smallest fractional part of a square awkward? 

CalcukKc tlic volume of a bo\ that wtuild hold the te.\tlxH)k by multiplying 
together the length. wiLllh. and thickness c/f the book (all in awkwards), 
Your answer is the number of awkward cubes that would be required to 
fill such a box. 

C'tnistruct a cubic awkward. D(K's your answer bv the w^lume of the 
textbook box l(n)k reasonable in terms of (he cubic awkward? How could 
yo\i check \o\n* work'.' 

What is the smallest fracticMi of a cubic awkward you ccnild possibly tibtain 
if you use only the subdivisions of the aw^kward slunvn on work card i^3? 

Could we have made a better choice of fractional parts when dividing 
the awkward? 
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Work Card :::5: Introducing the decimeter 

IVcvioiis work curds liavc explored two problems: the necessity to agree 
on a staiulard unit of length instead of nrbitrary units, and the advantages 
and disadvantages of ditTerent schemes for subdividing units into fraction;d 
parts. The bottom of this work card is ruled in a length unit that solves 
both those problems. The unit is a standard that is widely agreed on, and 
the unit has more convenient fractional parts ihan the awkward, 'See if you 
can (ind out why its fractional parts arc easier tc^ work with, 

Measure the length, width, and thickness of a textbook with this ruler. 

C\uiipuie the area of the top of the book in square decimeters. Write 
your answer in both fractions and 'Jecimals. 

Compute the volun^e of a box ihul would just hold the textbook. 

If lengths, widths, and thicknesses are measured tc^ the nearest tenth of 
a deeimcler, what uill he the smallest fr;ieticMKd part of a square decimeter 
tiiat can be calculated? What will be the smallest fractional part of a cubic 
decimeter that can be caicidated? 

0 

Decimeter 



Work Card :::^6: A bigger measu're 

Measure the height of yoiu' neigh [^or using the Llccimetcr scale from work 
card ^5. (One convenient way to do this is to first mark his height on a 
strip of adding-machinc tape; tlien measure the distance between the mark 
and the end of the tape. ) 

Would a. dilTcrcnt length iniit he nu>re ccm'.enient for measuring the 
heights of diHerent people'.^ 

Suppi^sc you invented a bigger length unit, but used the decimeter as 
tfie fractional part of this new unit. Remembering what you know about 
computing with fractions and decimals, how many decimeters should ymi 
choose to make one of the nev; length imits"? Explain your answer. 

A length unit that is ten decimeters Ic^ne is called a meter. 

Using the decimetc- sjalc on work card :r5. construct a meter on a piece 
of adding-machinc ta[)e. 

l'\m\ the length and width of your room in meters. 

Calculate the area of the flocM" t<f your room in square meters. 
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Work Card #7: Smaller measures 

Measure the length and widtli o{ a business ealhng eard. You may use 
eitlier the meter from work card #6 or tlie decimeter from work card #5, 
Whicli would be the better choice? 

\V(uild it be more convenient to define a unit cv length smaller (ha a the 
decimeter? Ctuild you use your knowledge about die meter and decimeter 
to define this smaller unit? Htnv might you do it? 

A smaller length unit is ruled cmi the hcutcMii of this Wvirk card. How docs 
it ctMiiparc to the decimeter scale on work card ^5".' 

The name this smaller unit length is the ccndnidcr. 

Use centimeters to measure the length and width of the calling card. 

Use eeniimcters to measure the length and width of a paper clip. 

0 12 3 4 
Cenfimefer 



Work Card ^8: Relating measures 

Measure a length of one meter oti a strip of adding-tiiaehiiie ta{K\ Now 
remeasure this length using the decimeter scale from work card ~5. C\nn- 
plete these equations using decimal notaticMi: 

1 meter decimeters; 1 decimeter ~- . . , meter 

Use the 'jcnnrneter scale from uork card ~7 to fiicasurc a length of one 
decimeter. Cimipletc these eciuations: 

I decimeter — centimeters; I centimeter = . . decimeter 

1 meter = . .. ..centimeters; 1 centimeter ~ meter 

If we uant to measure e\cn smaller lengths, it is convenient to gi\'e a 
name to the fractional part of a centimeter, 'lias tiny length is called i\ 
miUifnclcr, Make a table of equaticMis relating the millimeter to the centimeter, 
decimeter, and meter. 

If wc want to measure bigger distances, we could invcfU u bigger length 
unit that has a meter as its fractional part. 'Vhc most eomnumly used big 
length unit is the kiLxr.ctcr. A kilometer is U)()() meters. A meter would he 
what fractional p:\vi of a kilometer? 

Make a table of ec) nations relating the r ikMueter to the meter, decimeter, 
centimeter, and millimeter. 
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Work Card ^9: Exploring volumes 

Use light cardbcnird lo make a ho\ that is 1 dcjimctor l(Miii, 1 decimeter 
wide, and 1 deeimeler high. Leave tlie iop of ilie bcw t^pen. 

What is tlie volume of this box in cubic centimeters? 

Fill a one-quart milk canon with rice. Pour the rice into the cubie decimeter 
box. Is the volume of the box more or less than one quart*.^ 

I'se a one-cup measure and rice to estimate the volume of the box -in 

cups, Rcpiul the volume of the box as being less than cups and 

nu^re than . cups. 

T'his box is a ciMuenienl measure of volume, and ii has tlic ad\ant:ige 
of being closely related to tlie units of length you have just worke ' with. 
The name of the \olume of ihc box is one (iwr. 



Work Card ^10: Exploring weights 

If we fill tine cubic centimeler with water Wv* can iinent a small unit of 
weight. 7'his weight unit is called a i^rani. 

The Unitei-I Slates nickel weighs abtnil 5 gram>. L'se a balance and a nickel 
to find the weight in grams of one sheet of paper. ( If the sheet of paper weighs 
less than the nickel, and you CLinnot cut the nickel up, vshat else can you 
do to solve this problem? ) 

What is the weight in grams of :ni en: ire ream of paper? 

If a liter box is tilled uith uater. how mueh would ii weigh in grams? 

One thousand grams is used as a big usiit of weight, called the kiloi^nan}. 
What is the ueight of a liter of water in kilograms? 

Put a pi as tie bag inside the liter bn\ \ou eon.strueted for work card -^^J, 
Fill the bag (to the rim of the box) with w:iter (always holding it tuer a 
sink). Ycni are holding a kilogram, Plase someone place bcioks in vour other 
hand imtil the books feel about as hea\y as the kih^gram. 

What is the weight of eaeh book aeeording to ytnir estimate? 

Mow ecnild you imjM'oxe the aeeuraey of \our estimate? 
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Inching our way 
towards the metric system 

G H R A R D U S V E R V 0 0 R I' 

Am assistant [)r(>fcssi)r of niatlicmatics cilmiuii>n at l.akchcad 

( 'tiivcrsity, (icrardus I'l'rvoDft's profcssionaf iWprricncc also inchnlcs 

'n'dchifii: in dcnnntary ijul secondary schools. lie has wufrkcd with 

huHinis anil Iiskiffios and has tnH\^l\t scliooi in three diflerent 

a uifUries. lie i:re\v up in the N ethei lands and. thus, is 

used to thinkini: metric. 
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pouHsi of feathers'?" 

"They both weigh the same," ansv\ers 
the bright ehiitl in vviioir we have carefully 
nuriureci (oiiieal tfiinking. 

"W ron^!" we reply. "A pouiul of feathers 
is determined ^^v avoirdupois weiiiht and 
measures 7,000 liiains. A pouiul of eold is 
determined by troy weight and measures 
,S,76() grains. "I hus, a ptumd tif feathers is 
heavier. Clear'.* Let us try onee nuire. W hat 
is hea\ ier, an ounce of gtild or an ounce of 
feathers/" 

"An ounce of feathers'.^" 

"Wrong!" 

"They both weigh the same?" 

"Wrong again! A pound of gold consists 
of 12 ounces because it is determined by 
tro\ Weight, rherefore, an ounce of gold 
is equal to 480 grains. But there are 16 
ounees in an asi^rdupois pound. Therefore 
an ounce o\' feathers etjuals 437.3 grains." 

It should eonie as no surprise that many 
people in North America have ceased all 
critieal thinking with respeet to measure- 
ments. A full-page advertisement for a cer- 
tain small ear in the 18 Oetc^ber 1971 issue 
of W'wsw'cck bdklly proclaims that it has 
a fifty-seven ineh overall outside width 
while it is a full five feet across on the in- 
sidel l{ow many readers noticed the dis- 
crcpaney? 

Q \nvone who feels smue and confident 
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regarding his knowledge of the North 
.American s\stem of weights and measures 
is inv itud to test his mettle on die following 
tjuestions : 

1. How many cubic inches are there in 
a gallon'.^ 

2. What is the difTerenee between a 
liquid quart and a dry quart? 

3. Mow man> square feet are there in 
an acre? 

4. .-\ common aspirin tablet is five 
grains. How many scruples does that repre- 
sent'.^ 

5. What is the nuniber of pennyweights 
in a troy ounce? 

There will be few who can answer all 
of these correctly. Yet the list of questions 
e(Hild have been made much longer and 
more ditfieult by including references to 
rods, furlongs, square perches, poles, 
chains, cords, fathoms, cables, nautical 
miles, leagues, peeks, gills, drams, hogs- 
heads, and barley eorns. And it must not 
be overlooked that though a bushel gen- 
erally represents 60 poimds avoirdupois, 
it is ecjual to only 48 poimds of barley, 32 
pounds of oats, or 56 pounds of rye or 
Indian corn. And do not forget the regional 
dilTcrcnccs. In Vlassaehusetts a bushel of 
potatoes is 60 pounds, but only 56 pounds 
in North Carolina or West Virginia. 
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Is it any wonder that 14 countries arc 
presently preparing to go mktric and join 
the 1 14 countries and territories that have 
adopted the metric system already? In- 
creasing world trade and the fact that 
Britain is in an advanced stage of change- 
over from the inch-pound to the meter- 
gram systcn;. makes a similar change man- 
datory for the economic survival of the 
few remaining nonmelric countries. Most 
think as Canada: 

The Government believes that adoption of the 
metric system of measurement is uUimatcly in- 
evitable — and desirable — for Canada. It would 
view \vi*h concern North America remaining as 
an inch-pound island in an otherwise metric 
world — a position which v.ould be in conflict 
witfi Canadian industrial and trade interests and 
cornn^ercial policy objectives. The Go\ernfuent 
believes that the izoal is clear, the problems 
lie in determining how to reach this goal so as 
to ensure the benefits with a minimum of cost. 

If such goveriinients arc correct in their 
assessments, then the need to begin this 
process of change as quickly as possible 
is obvious. The longer the decision is de- 
layed, the more the eventual cost of the 
change will be increased. 

The implicatitins for the educaiional 
system are clear. The children presently 
in school will be in their early thirties in 
the year 2000. F^resumably, the whole 
world will be metric by that time. Inches, 
pounds, and yards will have gone the way 
of the fountain pen, the kerosene lamp, 
and the log cabin — picturesque memories 
of the past, surviving in a few standard 
expressions and in museum exhibits, but 
otherwise of historical interest only. 

In preparation for that time, there is an 
immediate need for greater emphasis on 
teaching the metric system and a conse- 
quent need for retraining teachers and 
revising the textbooks. This is urgent al- 
ready because of the years that elapse 
between the introduction of new texts and 
the graduation of the students who have 
used them. 

As soon as primitive men learned to 
speak and comnninicatc, a need for ex- 
Q *n.e quantities must have arisen. No 
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doubt first expressions were vague and 
inexact, but they served a purpose, just 
as similar statements of measurement serve 
a purpose today. We are still told to gather 
an "armfuT' of wood, and to add a "hand- 
fuT' of flour or a "pinch" of salt to a 
certain cooking recipe. The grocery store 
may advertise that a '^truckload" of water- 
melons has arrived just in time for the 
weekly special. The term trucklocul serves 
a purpose because no one, except the store 
keeper, cares whether that means 600 
watermelons or 1000. 

All these tneasurements are easy to 
visualize and often directly related to phy- 
sical experiences. A nomadic Eskimo reck- 
ons distances by so many "sleeps." A 
German farmer may explain that he owns 
six "mornings" of land, meaning the land 
area that can be plowed by a man in six 
mornings. We do comparable things in 
North America when we measure distance 
by stating that it is a "three-hour drive" 
or when we measure areas by "city blocks.'' 
Sometimes such measurements survive in 
our language even though they can no 
longer be easily visualized. Electoral dis- 
tricts are sometimes called ^'ridings" from 
the distance a man could cover on horse- 
back. And just as primitive man developed 
new measures as the need arose, so do we. 
We talk about a "pack" of cigarettes and 
a "roll" of paper towels, 

However, such inexact measures were 
not sutficient for trade or bnrter — they left 
too much room for disagreement because 
they meant different things to diflerent 
people. Even where agreement existed, it 
still could be very confusing. For example, 
a last (load) of herring was 12 kegs, but 
a last of gun powder was 24 kegs. A last 
of brick was 500 bricks, but a last of tiles 
'.vas only 144 tiles. A last of wool was 
12 sacks. 

If one goes to a market place in Europe, 
one can still buy goods by the elL An ell 
of cloth is a length of cloth stretched be- 
tween the hand and the shoulder (this 
measure survives in our word el how), but 
when purchasing by the ell, watcli the 



A MHTRIC HANDBOOK FOR THACHHRf; 



14 

salesman closely to sec iIkiI he indeed 
stretches his hand and arm con^plctely 
while measiirini: vour purchase. Preferably 
buy from people with long arn^s, and under 
no circumstances buy elastic that way. 

To make trade possible, local barons and 
chieCtiiins often estahlishcLl ceiiain stan- 
dards of measiirenienl. Their foot was al- 
ways a popular standard, So was their 
thumb. A certain Anglo-Sa.xon king defined 
the yard as the length of his girUi. Picture 
the foot, thumb, and waist measuring cere- 
monies. Imagine all the resulting confusion. 
For not onl\' Lliil these measures LlilTcr from 
place to place, hut they changed with the 
advent of any new ruler. And lif^ expect- 
ancy was rather short in those days. 

As long as tragic occurrcil piimarily at 
the local level, the situation \\as not ilis- 
astrous. People iliii not question why cloth 
shoulel be measurcil by the clL land by roils, 
and a horse^s height by hands. Ami before 
the Arabic numerals were useil, convert- 
ing from one measure of length io another 
was dillicult rcgarilless, 

With the grouing acccfMance of the 
decimal system of numeration, the begin- 
ning of science and industry, and the de- 
velopment of mc^re [)o\sert\il iiiitional gov- 
ernments (v. ho were iiUerested in the How 
of giHuIs for purpiKcs of taxation ^ the 
situati(~)n changCLl. Voices became adamant 
in favor of a more rational system of mea- 
surement; (MIC tliat not onl\" would be uni- 
versal, but in which the units of length, 
area, and eapacits' wouIlI be rclatccl in a 
simple manner. 

If tfie new s\stem was to he tridy uni- 
versal, with all measures rclaleil as much 
as possible, then the selection of a basic 
unit was important. .Several possibilities 
were cc^vsidered. "The lime o\' the swing of a 
pendulum is directly related to its length. 
The length of a jTcndiiJum that would de- 
scribe one complete swing per second svas 
suggested as the fundamental unit of the 
new linear measure. But that would hardly 
be universal, critics pointed out: a pendu- 
lum swings faster at the north and south 
poles than it does at the equator. Moreover. 
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a measure Llefineil in that way woukl pre- 
suppose a ilcfmition of a scconcl which was 
in itself a cjucstitMiable measure. 

A sector of the equatc^r was also sug- 
gcstcil as a unit. But the length of the 
equator wtiuld be dillicult io me...\urc. Bc- 
sIlIcs, few countries touch the ccpiator; 
thus, the new mcjsurc would uoi be truly 
universal. 

Fin all V, a ihini projxrsal was agreed on: 
a portion of a meridian woukl be used as 
a general stanLlarii. .Although few countries 
were on the equator, every nation was on 
some meriilian. (It was generally accepted 
;it that time that every meridian was of ex- 
actly the same length as an\ other meridian, 
a belief that was later proven wrong.) But 
what portion of the meridian should be 
usclI? One millionth, a ten-millionth, a hun- 
LlrcLl-millionth'.' Practical aspects of daily 
life, as well as trade and commerce, had to 
be taken into consideration. Since the ap- 
[uoximate circumference of the earth along 
a mcriilian was already known from astro- 
nomical calculations, and because dividing 
that length by 40 million would vield a 
length of about one yard, that was the unit 
decided on for the basic measure. The new- 
measure was Called the njctcr (in French, 
nic{ri' — from the Clreek }uviro}\. "mea- 
sure"). In turn the basic measure wcis in- 
creased or decreased bs' powers of ten to 
establish other linear measures. Greek pre- 
fixes to the term nwicr were used to denote 
multiples of the unit, while Latin prefixes 
indicated subdivisions. 

The residt was as follcnvs: 

1 kiloniLMLT - I'KKl meters 

1 hcclonK'tcr ~ nictors 

1 dckanK'tor = in moicrs 

1 meter - 1 meter 

1 decimeier = 0. 1 meter 

I centimeter ~ 0.01 meter 

I millinieter ().(K)I meter 

For a unit cT area, the square dckameter 
was decided on. A square meter would 
have been too small for practical pin- poses; 
a stpiare hectonKHer, too big for a land 
where fields were small. A square 10 meters 
by 10 meters roughly equaled the size of 
a woman's herb and vegetable garden, thus 
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making it easy lo visuali/c. I'Iil' new unit 
of area was called an (ur. 

At first glance one would expect an ex- 
tension of this new measure by the proper 
prefixes to create the whole increasing and 
decreasing sequence. But a square equal 
in area to U) are would have a length of 
10 \ ' 1 0 meters (approximately 3 1 .6 meters), 
thus upsetting the simplicity of the system. 
Hence the only acceptable cxten>ions of 
this measure are the following: 

I hectare UX) arcs 

I are = 1 arc 

1 ccntiarc - O.dl arc 

Of course one can always speak o\' a square 
kilometer or a square meter if the needs 
require it. 

'I*he basic measure for volume (capacity) 
poscel no great dilficulty. Reason demanded 
that it be dcfmed in terms of the meter. 
One cubic meter was clearly much too 
big (approximately 250 gallons); a ^ubic 
centimL-ter. too small. Hence the only rea- 
sonable chtiice was the cubic decimeter 
which is equal in cajxicity u^ about one 
quart. The new measure w'as called a liter 
(from the French litre). Again the dcriveel 
measures folltnved the same pattern as the 
meter: 

1 kiUiltlcr - KMX) liters 
1 hectoliter = UXl liters 
1 dekaliter - U) liters 
1 liter = 1 liter 

I deciliter = 0.1 liter 
I ccntiliier - 0.01 hter 
1 milliliter - 0.(H)1 liter 

Convenient though the liter was for pur- 
poses of measuring lieiuids, it was not satis- 
factory in a)) cases. Voy Instance, firewooel 
— a cubic meter would appear a kn ukmc 
reasiMiable. It was adi^pted as such and 
called tlie stcrc (from the Greek stereo, 
'\solid*'). The stcrc was used nearly ex- 
clusively for wood; and. as a result, no 
names for ptnvcrs (M* the stcrc were ever 
adoj')tcd because there existed little need 
for them. 

To us, living in the second half o( the 
twentieth century, the unit of weight (more 
properly, mass ) agreed on is surprising be- 
aiuse it is so small. But at the time the unit 
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was selected, relatively few goods were sold 
by weight. Notable exceptions were pre- 
cious metals and spices, which were sold in 
small quantities, of course, but which 
pi a \cd a \cry important part \n the eco- 
nomic structure of the country. And the 
scientists themselves tiftcn dealt in very 
small quantities in their laboratories. At 
any rate, the unit of mass selected was the 
mass of one cubic ecu ti meter of water at 
its greatest density. 'I'his was called the 
gram (F^rench y>ranune). Again the usual 
deri\"ations were agreed on: 

1 kilojuam = KXX) grams 

1 hectogram ^ K)0 gram^ 

I dekagram ~ 10 grams 

1 gram 1 gram 

1 decigram ^ 0. I gniiii 

1 centigram ^ 0.01 gram 

1 milligram O.IKU gram 

Fc^r the measure c^f angles, the tradititmal 
90 d'^grce angle was callcLl a i^rade. It was 
divided into decigraelcs, ccntigrades, and 
milligrades. (It is for that reason that the 
terin eentli^rade, as applied lo temperature, 
is incorrect, li is more properly called 
Celsius, ;iftcr the Swedish scientist .Anders 
Celsius who created that particular tem- 
perature scale.) The renaming of an^iles 
ne\er caught cm. however, due to the 
cumbersome fractions involved. For in- 
stance the traelitional 60 degree angle be- 
came (^(^~^ ceiuigrades. it is clear that this 
change was no imprcn cment. 

The metric system originated in France 
during the period of the French revolution. 
What hampcrcei the acceptance of the 
metric system in non-lTench countries 
most. ho\ve\er, was the c.\ccssi\e xcal dis- 
played by the metric creators in other areas. 
rhe\' began an entirely new calendar start- 
ing with the year one. They fashionctl a 
new "week" of (en days eluration. thus 
dcMug away with the Sabbath. As li result, 
the whiV.c metric system came to be asso- 
ciated in the eyes of many with a "godless 
atheism," a system "conceived in sin and 
bc^rn in iniquity," as some jnit it. Combine 
this with a ccmiuKm vcncraticMi for matters 
old and f;unili[U', and with the distastes of 
the Fnglish-speaking world for anything 
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F'rench that resulted (voiu the Napoleonic 
wars. 

How long lasting and extreme this feeling 
ccHild be was expressed by the periodical 
called The International Standard that was 
published in the 1880s bv the Ohio Auxil- 
iary of the International Institute for Pre- 
serving and Perfecting Weights and Mea- 
sures. The president of the Ohio group, a 
civil engineer who prided himself on having 
an arm exactly one cubit in length, had 
this to say in the first issue: 

'fVe holievc our work to he of C'roJ; we arc 
nctuiited by no selfish or mercenary motive. \Vc 
depreciate personal antagonism of every Kind, 
but we proclaim a ceaseless antagonism to that 
great evil, the French Metric System > . . . The 
jests of the ignorant and the ridicule of the 
prejudiced fall harmless upon us and deserve 
no notice. < . . It is the battle of the Standards. 
May our banner be ever upheld in the cause of 
Truth. Freedom, and Universal Brotherhood, 
founded upon a just weight and a just measure, 
which alone are acceptable to the I,ord. 

A later edition combined religion and 
clKuivinism beautifully in the song entitled 
"A Pint's a Pound the World Around." 
Following are some of the verses and the 
chorus: 

They bid us change the ancient "names*', 

The "seasons" and the "times". 

And for our measures go abroad 

Tt) strange and distant climes. 

Hut we'll abide by things long dear. 

And cling to things of yore 



Cluntis: 

Then swell the chorus heartily. 

I, el every Sa.xon sing: 

"A pint's a pound the world arcnuul". 

Till all the earth shall ring. 

"A pint's a pound the world around", 

f-'or rich and poor the same: 

Just measure and a perfect weight 

Called by their ancient name! 



Now Great Britain has discarded the 
inch-pound system and Canada has de- 
clared its intention to go the same way. 
The time for decision in the United States 
has come. On 6 August 1971 Mr. Clai- 
borne Pell, the Senator from Rhode Island, 
introduced a bill (S.2483) to Congress 
"t(^ pro\'ide a national program in order to 
make the intern at i cm al metric system the 
olheial and standard system of measure- 
ment in the United Slates and to [irovide 
for converting to the general use of such 
system within ten years after the dale of 
enactment of this Act." The bill has been 
passed by the Senate. The ultimate decision 
to gc^ metric appears inevitable. Teachers 
would do well to start accjuainting their 
students with the system more thoroughly 
than in the past, think mftrk' should be 
the slogan in the teaching of measurement 
for the child who will spend most of his 
adult life in the twenty-first century. 
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c \vjfc\s c|ucr\' in an okl cariin)n iiets 
right h) the point; "Well, why on cartli 
don't \vc aJc^pt the metric system if it's so 
much hctter?" The husbantrs response is 
equally direct: "Why, just hecnuse we 
never did, my dear!" 

It is unlikely that any simpler explana- 
tion, enigmatic yet rc\'ealini:, could he 
given to siminiari/.e the intioduction of the 
metric system in the United States. One 
should not be surprised that this cartotMi 
first appeared over twenty-li\e years ago 
(Committee the Metric System l^MS. 
p. 4). It eoidd have appearetl twenty-fi\e 
or tifty years before ih:it, And twenty-h\e 
years frtnii nmv. will proponents for the 
incrc:ised use of a system still imeiMnmcMi 
in the United States pi^ini in similar fu- 
tility to this same cartoon? Tliere e\i- 
dence to the contrarv. 

This brief pa[K'r will endeavor to give 
teachers of mathematics some of the rele- 
vant background on the present status of 
the metric system in the United States and 
other countries. While we will include some 
reference to the problems that must be 
faced in nietricathm (the wiud used by the 
F3ritish to describe the process of con\'erting 
or changing o\er to the metric system), this 
paper rcfieets the oHieiai position of the 
NCTM which "encourages the imiversal 
adoption of the njctric system of measure." 
1948 the Twentieth Yearbook of the 
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NC"rM was do\i)ted e\clusi\ely to docu- 
menting the desirability of oiricially adopt- 
ing the metric system in this country. In 
three of the last four years, NCTM Dele- 
gate .Assembly resolutions have focused on 
the metric question; these have been ac- 
cepted by the Board of Directors and 
referred to the appropriate conmiittecs. The 
1972 resolution urges "that the NCTM 
continue to support the adoption of the 
metric system cmd encourage that this be 
a system to be taught by teachers of nil 
grades, along with other systems of mea- 
surement, beginning in the ! 973-74 school 
yea r." 

Early measurements 

In 1S9{) .1. W. L. Glaishcr said, "I am 
sure that no subject loses more than mathe- 
matics b\' an attempt to dissociate it from 
it^ histcuy." Certainly we show no dis- 
respect to m:ithematies if we restate this by 
substituting measurement in general, and 
the metric system in particular, in this 
dictum. The history of measurement in- 
cludes practical origins, theoretical aspects, 
cultural sidelights, and pedagogical impli- 
cations. 

We teach our children that the process of 
measurement assigns a number to some 
physical characterization of an object. It 
\m\\ be a cliaracterization of length, vol- 
ume, capacity, mass, or weight. To do this 
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wc must begin witli a luiit that exemplifies 
the same eharaeteristic tliat we wish to 
measure. By determining how many of 
these units are ''eontained" in the object 
or cjuantity to be measured, we arrive at 
the appropriate number, or measure, of 
the objeet. 

The earliest units of length found in 
recorded history clearly indicate that man 
found it ctMU'enient and simple to use his 
own person for defming, and intleed sup- 
plying, measuring units. The interesting 
story of tlie historical development of mea- 
sures and weights cannot be detailed here. 
But certainly our children should hear of 
the cubit and the fathom, the thousand 
paces, and the "three barleycorns round 
and dry from the middle of the ear." 

In early times the relative si/c of the 
objeet to be measured determined the 
choice of a larger or smaller unit as the 
measuring stick. If one measures the length 
of an object with some particular unit, it is 
unlikely that the unit measure will be con- 
tained an exact wh.ole numlx^r of times in 
the given length. F'ventually, simple round- 
ing olT of such a measure could not be 
tolerated and the use of a ''smaller unit" 
was needed to give a more careful reading. 
The seemi igly natural relatic^ns between 
certain of the difTerent basic units un- 
doubtedly suHiced for a time (hand =^ 4 
digits, yard = 3 feet), but the basic 
principle of subdividing a given unit into 
a certain number of ccjual subunits was 
the inevitable refmcmeni. 

Altiiough each person had his own 
built-in measuring systeni, the units varied 
from indi\idual to individual. If barter or 
purchase involved a specified number of 
such units, unequal sizes of the unit pre- 
sented obvious dilTiculties. It was natural 
that persons of the .same ct^mmunity wcuild 
agree on certain standards reasonably ac- 
cessible io e\'erycme. As ci^mmerce grew 
and man become more mc^bile, the need 
for standards acceptable to larger groups 
and geographical areas became obvious. 
Again, the early (ieveiopment of standard 
Q 'r.v of various measures is a storv too 
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involved to give in any detail here (Ameri- 
can National Standards Institute, pp, 7- 
14). For our purposes, we pick up the 
story at two related points in history. 

The Jefferson plan 

The United States Constitution, as 
adopted in 1788, provided that Congress 
should have the power "to coin money, , , , 
and fix the standard of weights and mea- 
surements.'' Prior to this, under the leader- 
ship of Thomas Jefferson and Robert 
Morris, the Congress of the Confederation 
had adopted tiie dollar as the fundamental 
monetary unit, based on the Spanish piece 
of eight. So that parts and multiples of the 
fun da men ted unit would be in an easily cal- 
culated proportion to each other, the deci- 
mal ratio was clearly favored. So in 1786 
a completely decimal system of coinage 
was appro\'ed by Congress, and by 1792 
the com age s>\stem was finally implemented 
with the establishment of a mint. 

In 1790 Thomas Jefferson, as Secretary 
of State, was requested to prepare a similar 
plan for a unified system of weights and 
measures. His response emphasized several 
features. The first was the need for an 
invariable standard of length. This he based 
on the pendulum principle — essentially, a 
cylindrical 'won rod of such length that a 
swing from one end of its arc to the other 
and back again would take two seconds. 
This based the standard on the motion of 
the earth on its axis. For linear measure, 
this rod (abcnil 58,7 inches) was to be 
subdivided into live equal parts, each to 
be one "foot." As a second feature, the 
system suggested was, like the coinage sys- 
tem, decimal in nature. The basic foot was 
to be successively subdivided, each time 
into ten parts, forming inches, lines, and 
points. Similarly. 10 feet were to equal 1 
decad; and derived larger units, all based 
on sueeessi\'e multiplicatic^n by ten. led to 
roiuls |.v/r]. furlongs, and eventually to the 
mile ( 1 0.000 feetV 

The ounce was to be the basic unit of 
weight, derived from the weight of a cubic 
inch of rainwater. Ag',\in, the multiples 
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and subdivisions wciv all decimally ar- 
raneccL with a pound ccjual lo ten ounces. 
(A cuhic t\nn of walcr Uiuild lluis he di- 
vided into ouc hundred new pounds of 
ten (Unices each. ) 

Jefrcrson's plan was discussed hy Con- 
iiress over a period of six years, but no laws 
were passed as a result of his work. Al- 
thougli Jetlerson used some of the same 
names (inches, feet, ounces, pounds) for 
his new units, which were not too far le- 
mo\ed in si/e friMn (he old units they were 
to replace, the division of the foot into ten 
inches and tlie pound into ten ounces may 
have been a part oi the reason for hesita- 
tion on the part of Coniircss. .Another rea- 
son, undoubtcdl\\ wiis the discussion of a 
new measurement system that was con- 
currently lakint: p\:\cc in France. 

It siiouid be noted that jcfi'erson's plan 
involved three important principles: ( I ) 
the standard unit o{ length should be based 
on some unchanginii, absolute standard 
found in t.hc physical universe; (2) tiic 
basic uiViis of Icuizth, volume, and weiijlu 
should be directly relate J to each other; 
;ind (3) the spccilically n;imcd multiples 
and subdivisions of (he stand;ird units 
should be decimally related. In presenting 
a plan based on these ideas, jcflcrson was 
following the same princi|Tlcs [^re\i(HisI\- 
advanced by scientists and mathema!ici: iis 
elsewhere in the won'd. Otu' aCtcnticMi turns 
to an earlier time, across the ocean. 

The beginning of the metric system 

By the late middle ;igcs a complex as- 
sortment of measuring systems IkrI been in 
use throughout all of nmope. Intense 
provinci;iiism and the pressure of tr;Klilion 
contributed to this, as did the custom to 
give fncasurements in the units unique to 
the object to be measured. Thus, land was 
measured in rods. h(^rse\ height in hands, 
depth of water in fathoms, diamonds in 
carats, and so on. For many years the state 
of tr;ide and technology was such that 
society could fimclion satisfactorily even 
with such variations. 

I seientilic ;idvances made durinu the 
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seventeenth and eighteenth centuries indi- 
cated the need for ;i change. As men like 
Newton (in physics) and, later, Lavoisier 
(in chemistry) needed increasingly more 
aecurale me;isurements to investigate and 
to substiuUiate their theories, existing sci- 
entific instruments were improved on, or 
n e w 0 n e s we re i n \' e n t cd . The n e ed f o r 
iniernation;il standards of measurement in 
communicating the results of research and 
study to scientists was obvious. 

A tiiKil impetus for a reform of the sys- 
tem of nieasurement came at the titiie of 
I lie French Revolution when reminders of 
the feudal system and of kings who ruled 
by divine right were to be discarded. Wide 
\ari;itions existed in measurements, with 
accomp;inying errors, frauds, ;uui disputes. 
{■""ortuiKitcly, the change to ;i new system 
was made with serious regard for broad 
implications for the future. The three prin- 
ciples listed previously in connection with 
JefTcrson's work were advanced in seeking 
;i reform, with the added provision (in 1790) 
Miat the Royal Society of London was in- 

icd to join with the Academy of Science 
ot Paris in deducing an invariable standard 
for all measures and all weights which could 
then receive uniform acceptance. 

The French Ac;idcmy bcg;m work im- 
mediately — fortun;itcly, for the British 
never accepted the invitation — and pro- 
posed, lirst of all, a fully decimal-based 
system. Shortly thereafter they specified 
that the unit of length should be equal lo 
one ten- millionth oi an ;irc representing 
the distance between the North F^ole and 
the equ;itor (a qu;idrant of the earth's 
meridian ). This standard unit of length was 
to be called the ttictre (we write meter), 
dL rived from the Greek tfietron "a mc;i- 
surc." The basing of the standard on the 
length of an arc of some part of a great 
circle o{ the CLU'th was first proposed in 
Ib7(), along with its decimalization, by the 
French abbe, Gabriel Mouton. He also 
suggested an equivalent definition based on 
the length of a pendulum that would beat 
3. •'^59. 2 tinies in half an hour at Lvons. 
France. 
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Preliminary calculations had already 
been made in 1739-40 when the land seg- 
ment of the meridian passing through Paris 
with both ends terminating at sea level had 
been measured. This segment began on 
the northern coast of l-rance at Dunkerque 
and ended at the Mediteranean Sea at Bar- 
celona, Spain. It was the longest length of 
an accessible arc available in Luiropc, ap- 
proximately 9 degrees and 30 minutes. The 
preliminary calculations made in 1740 sup- 
plied a provisional form of the meter which 
was to be used for almost ten years, In 
1793 a provisional kilogram was also 
adopted — the weight in a vacuum of 1 
cubic decimeter of distilled water at the 
freezing point. 

From 1792 to 1798 a second sur\"e\ of 
the arc was accomplished, though only 
under the most adv erse circumstances. Also 
at this time, additional experimentation was 
carried out in the weighing of water at 
various temperatures, since temperature af- 
fects density. Thus in 1799, the provisional 
meter and kilogram were replaced by the 
newly established standards. (The pro- 
visit>nal meter was ' 3 millimeter too long.) 
A standard meter and a standard kilogram 
were constructed c^f platinum and deposited 
in the Instilut National des Sciences et des 
Arts. 

Tlie aciiviiies in France during the 1790s 
coincided w'iih the placing of JeO'erson's 
plan before the I J. S. CcMigress. Special 
committee reports to Congress spoke of 
the plans of the French, and although they 
noted the desirability of uniformity in mea- 
sures and weights of all commercial nations, 
ihcy did not recommend a change in the 
existing measures in the United States. In 
1795, copies of the French provisional 
meter and kilogram w.:re sent to the U. S. 
Ciovernment in an attempt to obtain true 
international uniformity. But the prevailing 
political conditions of that day (the United 
States had refused to take sides in a dispute 
between the British and the French at that 
time) did not ofTer a favorable climate in 
Congress. This, together with the Jefferson 
Q ^-oposal and the traditional viewpoint that 
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advocated no change, resulted in no action 
whatsoever by Congress, 

To accompany the estabh^hmeni of the 
metric system in France, all European 
countries were invited in 1798 to send 
representatives to Paris to learn of the sys- 
tem so that it might be acccj)tcd ultimately 
as an international standard. Although 
none of the nine countries that responded 
to the invitation adopted the system at that 
time, the eduea'.ional inipact of this effort 
was to be felt at a later lime. 

France itself did nol achieve immediate 
success with its new system. Mandatory 
though it was, it could not be enforced, 
since secondary standards had not been 
distributed to the various go\'ernmental 
agencies throughout the country, let alone 
the commercial and hcnisehold users. The 
situation was further complicated in IS 12 
when Napoleon Bonaparte issued a decree 
establishing a ..ystem of measures lermed 
iisuellc, based on the metric system but 
using old unit names and nitios rather than 
the decimal system. The confusion resulting 
from the increase in the number of mea- 
sures was so great that in I 837 an act was 
passed abolishing the usuelle system and 
returning to the original decimal metric 
system. By 1840 the mere possession of old 
style weights and measures was punishable 
to the same degree as tiicir illegal use. Thus, 
the conversion was [0 be elTcctcd. 

The Adams report 

During the early ] 800s, the Congress of 
the United States was preoccupied with 
matters pertaining to the grtnvth and ex- 
pansion of the country to such a degree 
that it still did not make provision for the 
uniformity of weights and measures pro- 
vided for by the Constitution. In 1816 
President Madison reminded Congress of 
this fact. Hence, a year later. President 
Monroe's Secretary of State. John Ouincy 
Adams, was asked by the Senate to pre- 
pare a new statement concerning the regu- 
lations and standards which could be 
adopted in the United States. The Report 
Ufxnt IVcii^^/us wid Measures, issued by 
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Adains in 1821, has become a classic in 
the history of the metric controversy in 
the United States. Its exhaustive treatment 
of the advantages and disadvantages of both 
the English and metric systems to the 
United States in 1821 was such that both 
proponents and opponents of tiic metric 
system were to turn to it for years to come 
in support of their positions. While the 
theoretical advantages of the metric system 
were described by Adams, the practicability 
of the system remained much in question. 
The altering of the system by Napoleon 
was an indication of the inability of the 
system to gain proper acceptance. Adams 
therefore recommended that, while the 
United States should confer with the gov- 
ernments of France, Spain, and Cireat 
Britain in the attempt to develop the prin- 
ciple of uniformity in weights and mea- 
sures, any action that would be taken to 
achieve uniformity in the meantime should 
be within the framework of the British 
Standards. 

The recomm.endations of the Adams re- 
port were a realistic response to the con- 
ditions existing in the United States in 
1821. Unfortunately, at the same time, 
they were to preclude further consideration 
of the metric system for the next forty 
years. During those years the country 
would experience such great devcK^pmcnts 
in transportation, commerce, and intlustry 
LIS to give it a feeling of independence from 
the need for international uniformity in any 
system. 

Uniformity achieved 

'.Vhile no action of any sort was im- 
met'ialcly taken by Congress in response 
to tne Adams report, within ten years an- 
olhc: clause of the Const it ulicMT was to 
have its clTeel. in iS3() the Sccretar\ of 
the 'i'reasury was directed \o make a com- 
paristm of the 'standards of weights and 
measures usctl in the princi[xd custcnn 
houses of the United States. 'I he wide 
variation in these standards, which were 
used for purposes of taxation, clearK in- 
gl" ted a direct violation of another section 
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of the Constitution, that "all duties, im- 
posts, and excises shall be uniform through- 
out the United States." The Treasury De- 
partment felt it had suHicicnt authority to 
correct this situation without further legis- 
lation, and, therefore, adopted the yard, 
the avoirdupois pound, and the Winchester 
bushel as the oHicial units. The unon.cial 
standard of length was based on a copy of 
the Troughton scale, an 82-inch bronze bar 
with an inlaid siher scal'e obtained from a 
London instrument maker in 1814. The 
distance between the 27th and 63d inches, 
representing 36 a\erage inches of the bar, 
was taken to be equal to the British yard 
at 62 degrees Fahrenheit. During the period 
from 1836 to 1856, Congress j)rovided 
that comj:)lete sets of standards of weights 
and measures should be supplied to all 
stales and territories, and the individual 
states adopted these as their standards of 
weights and measures. Uniformity of mea- 
sarements had been secured throughout 
the country! 

But interest in the metric system was not 
eompieteiy dead in the United States. The 
acti\ities of Alexander Dallas Bache, a 
great-grandson of Benjamin Franklin, re- 
llected the continuing concern for a simpler, 
but more uniform system of weights and 
measures. In 1843 Bache was appointed 
Superintendent of the Coast Sur\'ey. and 
as such was responsible for the Ofhce of 
Weights and Measures. In various reports 
to Congress, he noted that the current ar- 
rangement of weights and measures was 
"deficient in simplicity and in system" and 
arguctl for the universal uniformity of 
weights and measures. 

The attention c^f Congress to the prob- 
lems of the Civil War period gave low- 
priority to these and other plans for the 
atlopticMi o\' the decimal s\stem. In 1863 
the National Academy of Sciences was 
established by an act of C(Migress. Its fust 
president was the same Ihiche. who was to 
^ee that its ^^^t establislied ccmimittee was 
on Wei gills. Mca^ures. ami C\Mnage. .A 
-landing cimimiltce of similar name was 
created by the House of Representatives 
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in 1S64. This comniillcc initialed legisla- 
tion that, in 1S6(>, made it lawful ihmugh- 
out tiic United States of Ameriea "to em- 
ploy tlie weiiihts and measures of :he metric 
system.'* While a dale by which the use of 
the system siuuiid become mandatory ^^v'as 
not ineludcd. it was anticipated that after 
a short period a further act woiild fix the 
date foi' its exclusive adi^plion. 

Siiortly thereafter steps were taken 
abroad for the esiahli>hment of an im- 
proved international metric system. In 1S75 
the "Treaty of ihe .Meter" was >ii:ned m 
Paris by seventeen nations, including the 
United Slates. Thi> pro\ii.led for the estab- 
lishment of a permanent International 
Bui'eau of Weights arui .Measures with 
headquarters near Paris, and tor the fabri- 
cation of new international prototypes. In 
1890 the Uniteil Stiiles received prototy[ie 
meters No. 21 and No. 27 and prototype 
kilograms No. 4 and No. 2V>. Three years 
later, by administrative action of the Super- 
intendent of Weights and .Measures, these 
were declared to be the natitm's funt^la- 
mental standards of length and mass; and 
the units of the Hnglish eustomar\ system 
were defined by carefully speeifying what 
fractiofi of a meter would constitute a _\ard 
and what fraction i^f a kilogram would 
constitute a [lound. 

While ihe preceeding account summa- 
rizes the positive action in e^lablishing na- 
tional standards of measure in the United 
Stales, il by no means ecners I lie entire 
story of (he propouefUs und (^[^ponents for 
the adoption of the metric s\slcm in this 
country. 

The meJric controversy 

The history of the metric system ciui- 
tro\ersy in the U'nited States lias recent Iv 
been published as one of the subsludics of 
the U. S. .Metric S(ud\ (Treat 197 I ). 

Perhaps the loni:csi runnini: debate in ttie his(i>r\ 
of this eutintr;. is v^fjcdicr ihe I niteJ Stales 
shtuild eotivcri to Uic ructric sysi.'ti^ Id the 
course of almost iwo eentiiries Jo/ens of ;t[LMi- 
nicnts ha\o been aJvaneoel. :i(tackc(.!. ;iiHi de- 
fended with a pa^^sion inspired b\ a topie uiih 
^ '•iiplieations that are bolli inteiiselv practical and 
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inionoelually sUnuilavinti t Do Simonc 1^)7U p. 

Thesubstiidy report records, in fascinat- 
ing detail and with complete documenta- 
tion, this debate, which has been held not 
only in the eonmiittee rooms oi Congress, 
inu also in e(.lucational institutions and 
publications, scientific societies, engineering 
organizations and trat-le journals, boards of 
commerce and trade, and in tiic public 
press. 

Some idea (>f the focus of interest and 
time element in\ol\ed is (obtained from the 
follow inu listing of the major periods of 
activity treated by historian diaries F. 
Treat. 

1. The perio(.l of consoli^^latioti (17S6- 
IS6b) 

2. The educational nunemcni { 1SS6- 
1SS9) 

3. The mo\ement to introduce the meti ic 
system liirough government adoption 
( IS9()^19I4) 

4. The propaganda period ( 1914-1933) 
^. The comprehensive stud\ phase 

.A suniniari/ing paragrapli for one of these 
[U'riods — it happens to be that of 1914- 
1933, although, as iiRlieated. it wiuild l\o 
about as well for an\' of the previous 
[U'riods--is the following; 

For the most pan. the arguments used b\ both 
sides duriML: this peiiod were simply inoderni/ed 
versions of (liose that hail been advanced for 
decades. Ihe pruponcnls continued lo insisi 
thai the metric s\s[eni v.as superior, (hat il 
sfuudd be adopted in (he inleresis of interna- 
tional uniformity. Uiat Ihc costs and ditliculties 
involved in adopiini: il would be surprisi nirlv 
s]ii:ht, ;ind that ihc evenUJai ilisplace/nent of 
ail other systems by the metric svsicm v. as in- 
evitable, b Lirtliermore. it vsas said, the niair]- 
tenancc imd imprinenicnt o{ our iorciun trade 
depended upon metric adopt ic>n. The oppcuienis 
n\' the system chtimed thai Ihe I'niled Slates 
liad aire. ids ;!cliie\ed iireater uniformitv and 
standardization usinu the cnsKMiiarv b'nulish 
Svsiem lh;m was enjoyed In an> other nation 
on eaflh. thai ihe si/e of our forei\ii^ trade was 
in no WAV related to oiu' sysiem of ueiglits and 
measures, and tliat cfiani^ini: over to the metric 
s\stem \^t)iild be confiisiuL!. cosiK. and not 
produetive of correspondini: benetils. In addi- 



IN'I-RODUCING THE MHTRIC SVSTUM 



tion, the opponents churned that what appeared 
to be a popular clamor for metric adoption was 
really an artificial demand that had been gen- 
erated by insidious pro-metric propauanda 
(Treat 1971, pp. 227-28). 

Recent developments 

Events over a period of ten years added 
a sense of urgency, lacking before, hat 
were to ciilniinaie in 1968 in the most 
significant investigation requested by the 
U.S. Congress. 

1957 The hnifich'ni^ oj the Soviet Union\s 
first Sputnik. 

This created new interest in scientific 
education and research, 

1958 The U.S. House oj Representatives 
created a standini^ Committee on Science 
and Astronaiilics. 

The coniniittce was given jurisdiction 
over standardization of weights and mea- 
sures and the metric system, 

1959 'The customary standards were of- 
ficially defined in terms of metric units. 

Countries using the customary units, in- 
cluding tlic United States and the United 
Kingdom, defined tlic yard to be 0.vi44 
meter (1 inch := 2.54 eentinieters ) and the 
avoirdupois pound as 0.45359237 kilo- 
gram. 

1960 T/ie Eleventh General Conference 
on Weii^dits and :\feasure\ (of which the 
United States is a member) redefined the 
meter. 

The **meter bar" was abandoned as the 
international standard of length, and a 
wavelength of light was substituted 
(1.650.763. 73 wa\'elengths of the orange- 
red line produced by krypton 86 was de- 
fined as 1 meter). This new definition was 
a return to the (M'iginal concept underlying 
the metric system, namely, that an im- 
mutable standard be found in niiture. The 
new determination is accurate to 1 part 
in 100.000,000 and has the advantage of 
being reproducible in scientific laborat(M'ies 
througluuit the world, 

1960 T/ic Sysfeme International d' Unites 
(SI ) was' established. 
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Adopted by the General Conference on 
Weights and Measures, it became the of- 
ficial system, with the basic units of meter, 
kilogram, second, ampere, kelvin, candeki, 
and other units based on these. 

1965 Great Britain announced its inten- 
tion to convert to the metric system within 
ten years. 

This was done after repeated requests 
by industry that the conversion be made, 
although it previously had been held that 
any converqon would have to be acconip- 
li.shed simultaneously with a conversion by 
the United States. 

1968 The U.S. Coni^ress directed the 
Secretary of Commerce to undertake the 
U.S. Metric Study. 

The purpose of the study was to evaluate 
the impact on .Americ;i of the metric trend 
and to consider alternatives for national 
policy. 

In 1971, the Report of the U.S. Metric 
Study was transmitted to the Congress of 
the United States. The study wiis conducted 
by the National Bureau of Standards of the 
Department of Commerce. The report 
recommended "that the United Stales 
change to the International Metric System 
deliberately and carefully,'' and that "the 
Congress, after deciding on a plan for the 
nation, establish a target date ten years 
ahead, by which time the United States 
will have become predominately, though 
not e.\clusi\'ely. metric," 

One of the most important recent de- 
velopments to give urgcnc}' to metrication 
is the increase in internationalized engineer- 
ing standards. Engineering standards (not 
to be confused with "measuring standards") 
are **norms" regulating size, weight, com- 
position or ccmflguration of products, and 
standardization of practices. The Interna- 
tional Organization for Standardization 
(referred to as ISO — a similar agency, IHC, 
is concerned with electro technical matters) 
is a nongovcrn mental body "to promote the 
development of standards in the world with 
a view to facilitating international exchange 
of '^ood^ and services and to developing 
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cooperation in the sphere of intellectual, 
scientific, technological, and economic ac- 
tivity (American National Standards In- 
stitute, p. 36)." The American National 
Standards Institute (ANSI) is the U.S. 
member of both international organiza- 
tions. The great majority of standards still 
remain to be developed. Thus, by express- 
ing itself in metric units the United States 
has the opportunity to intluence interna- 
tional standards negotiations with its ex- 
perience and technology. 

Closely related to such international 
standards is the matter of world trade. A 
relatively slight drop in our exports of 
''measurement sensitive" products could 
mean the difTcrence between a favorable 
and an unfavorable balance of trade for 
the United States. The decision of Great 
Britain to go metric Iea\es the United 
States as the only industralized nation that 
is not committed to metric conversion. 
Canada hi.s p'.ad-j the commitment, but has 
delayed in^j-icmcntation because of the 
close trade r;;!;itions with the United States. 

The conversion act of 1972 

On IS August 1972, the U.S. Senate 
passed on a voice vote the "Metric Con- 
version Act of 1972'' (S. 24R3). fiowevcr. 
action was not taken by tlie House during 
the final weeks of the ninety-second Con- 
gress; so new action will be required in 
the next Congress. 

Although chapter after chapter of the 
history of the cfTorts to convert the United 
States to the metric system has ended with 
the words ''but no action was taken by 
Congress," there are strong indications that 
the last chapter is about to be written. 
Even though many important investigations 
and studies have been made at the request 
of Congress over the nearly two hundred 
years since the beginning of our country, 
the U.S. Metric Study carried out from 
1968-1971 is something diflerent. No pre- 
vious study was proceeded by so much dis- 
cussion and careful consideration of the 
overall objectives that such a study should 
meet. No previous study was required to 

erJc 



be conducted with such breadth and depth 
in giving every sector of society an op- 
portunity to express itself in public hearings 
and special investigations. 

Though Congress will need to begin 
again on a new metric conversion act in 
1973, some idea of possible legislation can 
be had by examining the 1972 Senate 
bill which retlected recommendations that 
emanated from the U. S. Metric Study. 

1 . it declarecl that it would be the policy 
of the United States to encourage the sub- 
stitution of metric measurement units for 
customary units in all sectors of the econ- 
omy with a view toward making metric 
units the predominant, although not ex- 
clusive, language of measurement within a 
period of ten years. (Note that the metric 
system is not to be the sole official, stan- 
dard system of measurement — a football 
field may very well remain 100 yards long.) 

2. It encouraged the development of en- 
gineering standard." based on metric units 
where it would result in simplification, im- 
pro\'ement of design, or increase in econ- 
omy. 

3. It recommended the establishment 
of an eleven-member Metric Conversion 
Board to oversee and implement the con- 
\'ersion process. 

4. It recognized that federal procurement 
policies would have to be used to en- 
courage gereral conversion to the metric 
system. 

5. It called for programs for educating 
the public to the meaning and applicability 
of metric terms and measures in daily life, 
for assuring that the metric system of mea- 
surement becomes a part of the curriculum 
(^f the nation's educational institutions, and 
that teachers be appropriately trained to 
tiach the metric system. 

■] he following paragraph summarizes 

the U.S. Metric Study Report: 

The '.ost and inconvenience of a chance to 
I'nctric wiU be subsinnlial even if it is carefully 
d(^ne by phin. Rut the analysis of benefits and 
costs made in [this report] confirms the intuitive 
judgment of U. S. business and industry that 
increasing the use of the metric system is in 
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the best inlcrcsis of the coiinfrv nnd thiil this 
shoukl vlonc ihroui;h a cvx^i\lin;\ieti ivilionul 
program There will be less cost anj more 
reuiuil thun if the ciianye is unplanned anj 
occurs o\er a nuieh fonder pcrioJ of linie ( Dc 
Sinume I ''7 1. p. 117}/ 

Metrication is iiulcccl ";i dccisicm whose 
linic has cimic" I'or Amcric:i. and par- 
ticularly for its cdiicanoruil insliUitinns! 
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Commonly listed advantages of the metric system 



1. The nvjtric system is a simple, louically 
planned n\ stern. Us decimal basis ctrnfornis to 
our numeration sssieni. 

2. f he meter, which esiablisho the basis for 
the entire system, is al\\ass reproducihle from 
natural pfi-Mioniena anJ. therefore, is immune to 
destruction: it is iiuernationat in character and 
well suiteil for precision work. The coordination 
of measures of lenuth. area. \\>lume and mass, 
cond^ined with decimalization, facilitates com- 
putations. 

3. Once the s>stem of prehxes lias been 
ItMrncd. the uniformity in names for all types of 
mea^ures makes for iireater simplicity arul ease 
in chanuinu to more convenient-sized iinit.s for 
specitic purposes. 

4. Although many of the claims of the anu^unl 
of lime [hat can he sa\ed in learning fractions 
are pidbahjy exauL^er ited. less competence in the 
manipulation of common fractions wduM he 
required iif man;, suidents, anJ some restructur- 
inti of lime Npent on ^uch cofiipulation miulit he 
prtditably accornph'shed. Ultimately, when onl>' 
the metric system would he tarighl. lime could 
be saved in the learnini: of conversitm units 
(I ft. 12 in., i yd. 3 ft.. I rd. - l^'i ft.. 
1 mi, .s2S() ft., and so on) and in the learn- 
iuy. of a second new system for use in science 
classes. 

5. T*or ordinary work, familiarity with the 
n\eter. uram, and liter would be suHicicnt. How- 
ever, lor the enuinecr and the scietuisl, the new 
Intel national System of U'nits (SI), based on the 
metric units, eliminates comorsion problems in 
Q htlions uilh derived units. I hat is. although 

'"r is universally defined as work per unit 
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lime, it is variously expressed in Blu. sec, iherms/ 
day, fldb/hr. horsepower, calories sec. walls, and 
so on. The use of two dilTereni terms, kiioj^'rant 
and nc\\ i(}/\. for units of mass and force respec- 
tively, eliminates much of the confusion students 
ha\e concerning these concepts. 

fi. Greater participation of the United States 
in tlie settinu of international engineering stan- 
dards would be possible since the metric system 
is the universal lanuiiauc of measure. Fix ports, 
foreign trade, and competition with other nations 
v^ill depend more and more on production under 
[iietric standards. 

7. A common nieasuremcnt language that is 
used by scientists, engineers, and industrial work- 
ers would improve communication and reduce 
barriers between difTerent sectors of society. 

S. The necessity of conversion would ofTer 
fringe benefits. During the adjustment to the 
new measurements, there would be opportunities 
to eliminate superfluous varieties in sizes of 
products, parts, and containers, and to make 
additional worth-wfule changes in engineering 
standards, construction codes, and products de- 
sign. 

( It should be noted that men of honest persuasion 
have often listed statements contrary to those 
given here as advantages of the customary sys- 
tem. A comprehensive listing of both prometric 
and procustomary argimients is given in A Marie 
Ameriea. (Report of the U.S. Metric Study. 197 U 
Order by SD Catalog No. C 13.10:345. $2.25. 
from Superintendent of Documents, U.S. Govern- 
ment Printing OfTice, Washington. D.C. 20402.) 
Listed hy ARrnuR H. HaI i.i:RHr:RG, 

Valparaiso University, Valparaiso, Indiana 
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1670 ("labcicl NUuitoa (a l.ycms sicar tzoncralh' rcLiardcd as (he fouiulci" 
o\' ihc incnic .s_\>icm) prt^poscd a decimal system c^f wcigiits and 
nicasuro. dcfininii its basic unit of kn\i[h as a I'racticm of the 
length (it" a great circle ol" tlie earth. 

1740 Preiiniiiiai'V calculations uere nukie with a provisional forn^ of a 
nielcr. 

r'90 A metric s>steni of mca.siircment v\as developed by llic French 
Academy. I'/ic ncd! for a unijonn .\y\!cifi o/ wcis^liis (ind nicasurvs 
u'f/.v tUfU'd nJhl (lis'cii.s.si'il in ilic VS. C()fv^n'ss. hul no acdofi 
was taken. 

1795 France c^Hicially ad(^pled a decimal system of measurement. 

1798 A meeting ^^'as heki in Paris to dissemiiuUc information aLxuit the 
mcti'ic system. 

1799 7 hc provisional nictcT" and kilogram \vere replaced by newly cstab- 
lisfied standards. 

iS2! A {/(H'Ufm'nt let/v i.wiu'il hy John Ouincy Ada}}\s vxluutstiiely lisiitii^ 
(lie advania'^cs a/td di.sa(ha}Uayc.s of lunh the idii^Ush and niciric 
^yslcnis\- Adams afncladi'd tliat "the linic was no! rii^da/' 

1 S4() France made use of the metric system C(^mpulsory. 

!S06 Lci^'i'^laiion fruule if "lawfid dirtuii^Jioitl the U,S. to employ the 
wci'^^his and fncasures oi ihc metric system." The system was not 
fiiade nianchimry, idf/uu{i;h this was anticipated . 

IS75 "I'hc ■"Trcaiy of the .Meter/" setting up \vell-delined metric standards 
for length and mass, was signed in Faris l^y sevcnlecn nations, 
inchidini^ the U.S. The Iiiternalicmal Hurcau of Weights Lind Mea- 
sures was cstaiMishcd. 

I8S0 M(\st of l:in"opc and South America iuid gone metric. 

1890 I Jic I'.S. received prototype meters and kih)i{ra)}is. 



Atiiiplctl frtim iiKitci laN puhlishcd :inJ eop> f iijlitcd by iho Ai^cncy for Instnictioruil 
IVIeviNion. M;74. h\ pcrmissicni. 
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1893 The nu'irli' prot^ytypcs \vcn' declared by the SuperiniendefU of 
\\'eii:hts and Measures to he die "fiauhnncntal standards" for the 
I'.S,: other measures )verc defuied in terms of the standiwd meter 
and kiloi:r(un. ( Thus, the yard is le^^ndly defined as a frcKti(^nal 
part of a nu'ter and the pound as a fractional part of a kiloi^rattu) 

Ap[U'(>.\ima(ely forty hiUs on me{rica(i(>n were introduced in Con- 
V/'t'v.v. hui no ac(i()n was taken. 

1959 ^.'u^tomary u>}it'< were oi{icially defuieil in terms of nietric units. 

19()t' The niclcr \v;i,s redefined in lenns o\' a \v;iveleni:lli of light. Tlie 
mv>(lerni/ed nieirie s\slein. the Iniernarmnal System of Units 
(Sysleme International d'l'nites). referi'ed to as SL was established. 

1965 Great Hritain annoimeed its inlenticMi lo eon\erl to the metric 
system. 

I96S Th.e i'.S, Con ^.^r ess directed the Secretary of Conunerce to under- 
take the three-year U.S. .Metric Study, to evaluate the impact of 
the }}H'irie trend, and tt) ct)nsiL(er alternatives for national policy. 

1971 .-l.v a result rV the nwtric study, it was reconunended that the U.S. 
chani^'e to predondnant use of ihe nu'tric system thr(/ui,'li a co- 
ordinated national proi^ram. 

1972 The \letric Conversion Act was {Hissed by the Senate, hut no action 
was taken \\' the IIo (se, so new action is required by Co}}}^rc.ss. 
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Experiences for metric missionaries 
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.is a^sistdfii professor of dlucaiii^n lU Kdfisiis Suae C\'lU'i:c. 
Piltshia\i:. }A>tTic \'U'ls tcaclifs tnctliojs for cU'/ncfi!i<ry schoo! 
fnathcnuitics. She previously seneil iis elefneninry siipervis<>r in [lie 
/l()nue Miinn Ldboraiory Sehool ai Kafisns Slaie C(>lleye dful has Kiiti^'hl 
urnile lerels one ihriuiiih eii;ht in Kan.siis puhlic schools. 



For the past ISO years, the United States 
of America has been inching along toward 
the almost universally adoj)tcd metric sys- 
tem of weights and measures. Certain sec- 
tors of our society — science, medicine, en- 
gineering, and athletics — are in \'arious 
states of transition at the present time. 
Some important developments and major 
c 'cisions of the United States g(wernnient 
regarding metrication, including a conver- 
sion date projected by the National Buieau 
of Standards, are shown in figure 1. 

A Gallup Poll, prepiired in .August 1071 
and published in October of that year, 
found that only forty-four percent of the 
adults in the United States knew what tlie 
metric system was; and of these, only forty- 
two percent were in favor c^f adopting it. 



The sur\ey also showed that among those 
who had attended college, eight in ten knew 
(^f the existence o( the metric system; and 
(^^f those who were aware of the system, 
their opinions fa\-ored ademption live to four. 
The former Secretary of Commeree, Mau- 
rice E. Stans, made this comment following 
the sur\ey: 

The poll confirnis vHir own iiu estimations uhich 
revealed that the mure people know about nielri- 
eation the more Ihey favor its aLlopiion. Whal 
is now needed is intensive education of the 
public on the signihcant benelus to he tlerivcd 
from (he system.* 

The evidence, therefore, is clear. There 
is an immediate need for education to 



1. Cicorgc Gallup, ■■Meliic Support Grows," Kan- 
siis City Sfur { October 3, 1971 ) : 5 A. 



189^1 Metric Sysrem ock^^rerd t>j'DS Wor Depart [T,en' for me<:!:cal work 
i902 Vletr-c System cidcpfed by US Health Department 
:9?6 '0 change to metric system fails 

'932 Wemc System adcpfe<:3 by 
American Athietic Union 

1968 ^sso'^e of US Metric SrudyAct 

(971 Report of the US \letrtc Study delivered to Coogress 
1983 M-Oiec'ed doteo^ the changeover to 
rriefnc sys'em 



■189,5 Meter ond kilogram mode stondard 
I8'.^5 internoMcxial Bureau of Weights end Meosores e^iio^iisned 
■ :866 Ccrgress outhorizes use of tne m.etnc system in Tie Unted Sfotes 

■1821 John O^incy Adams Qdvc<:.Qtes Ine odcption of !he melrx system 
'1790 George Washington asks -or unifcrmity in weights ondmeosL;re 

Fig. 1 
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prepare the piiblie for nielrieation. This 
edueation can he done in large part ihroiitih 
elementary school children who can carry 
the lanuiiage. measurement experiences. 
coniputatiiHi exercises, and problem solv- 
ing involving the metric system into homes 
in our country. It remains the responsibility 
of the school to gi\e pupils the (Opportuni- 
ties for measuring and estimating measures 
that C'orle ( 1^)64) found necessary in his 
studies. U is the purpose of this article to 
suggest experiences that will aid teachers in 
accepting the challenge c^f educating chil- 
dren wIk^ can be metric missionaries in tiiis 
pericKl of convcision to another system of 
weights and measures. 

The initial em{)hasis in instruction should 
be pKiced on teaching the fundamental 
units — meter, gram, and liter — and the 
prefixes that indicate the multiples imd sub- 
nuiltiples of ten. Charts and models show- 
ing basic terminology and the interrelation- 
ship of the basic units should be given 
permanent space for display for reference 
purposes in the chissroom. The picture in 
figure 2 shows children milking use of such 
materials. 




Fig. 2 

To accomplish this beginning in.struction. 
each child should be helped to develop a 
kit of the units of measure that includes 
materials like the following: string or rib- 
bon the length of a meter, soda straws of a 
decimeter length strung with yarn to make 
a meter (can also be folded for decimeter 
lenuths), centimeter lengths cut from soda 



straws, centimeter grid paper for construct- 
ing the cubic centimeter and the liter. 
I-feavy cardboard meter sticks can be con- 
structed for home use. These can be kept at 
hcMiic with the usual yardstick and used as 
a measuring instrunjcnt for homework as- 
signments and routine household measures. 

Children should be gi\en guidance in de- 
veloping references or approximate meas- 
urements such as the following: 

I niclcr Mcighi or arm sU ctch of a kinder- 

garten child 
Distance of ihe chalkboard from the 
lloor 

1 decimeter Length of a piece of chalk 

Distance across face over e\es of a 
child 

1 centimeter Width of a finger 

Lengih of a bean or an eraser on a 
pencil 

1 iiiiliimeter Thickness ol'hea\ y tagboard 

1 grain Weight of a paper clip 

2 grams Weight of a sugar ciilx? 
5 grams Weight of a nickel 

1 liter Capacity of gasoline tank of small 

lau nniower 

Charts and displays like those in figures 3 
through 7 show common ecpiivalents that 
will be helpful for further reference while 
accommodating the English system of 
weights and measures. 




Fig. 3 
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Units of 
Weight 



2 lbs' 



lib. 



Pound Kilogram 



Conversion charts from pounds to kilo- 
grams can be helpful for reference in indi- 
vidual graphing of weight in kilogrLims. The 



loz.- 



Units of 
Weight 



Fig. 6 

graphs could be started at school and com- 
pleted in the home at regular intervals 
throughout the school year. The classroom 
graph in figure 8 shows the number of pu- 
pils in weight ranges to the nearest kilo- 
gram. It should provide assistance to pupils 
in preparation of their individual graphs. 



Units of 
Liquid Meosure 



4qts^ 



3qts 



2qte 
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Number 
of 

students 

14—1 ■ — 

12 — ^ 

10 

8 \ ^ 

6— — ■ 1 

4' 

2 ^ 

22-24 25-27 28-30 31-33 34-36 37-39 
Weight to nearest kilogrtm 

Fig. 8 



Children enjoy using an iikistratctl meas- 
uring tape mounted on the ehissroom wall 
to cli'Jek their heights in eentinieters for 
later use in making graphs. Tlie pieture in 
figure 9 >lunvs ehildren measuring their 
heights. Charts of average heights that are 
displayed in the classroom for comparison 
purposes also appcLir in the picture. Fach 
ciiild can also be helped to prepare one of 
the measuring l;ipcs for his home use. 
Adding machine tape is suitable for this 
project. 
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The reference measurements listed ear- 
lier could be put to use in estimating for 
solving problems like the ones that follow: 

I-low muny mciei" lengths of fabric would be 
needed to ni;ike -jach girl in (he first grade a long 
dress for the school program? 

There are 4S grams of sugar left in the box. 
How many people can be ser\cd at a tea if 
each person uses one sugar cube? 

Homework assignments might require 

pupils to locate labels indicating weights 

and measurements in metric language. The 

following are examples: 

1 box gelatin grams 

1 box soda crackers I^)S grams 

i can soup grams 

I bottle vinegar 3>5 cubic centimeters 

1 can vegetable juice 177 milliliters 

Other assignments could include making 
measurements of parts of buildings, or 
items in and around the home, and finding 
perimeters, areas, and volumes in metric 
measurement. Finally, children will be 
taught to make conversions from one sys- 
tem to another. 

These methods and materials cannot be 
expected to be etlective unless the stages 
of children's learning about measures and 
the theory of measure, among other factors 
of teaching and learning, are recognized 
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and observed by teachers. However, the 
suggestions given are the results of early, 
concentrated efforts to provide immediate 
and useful ideas for meeting the impend- 
ing challenge of teaching for the metric 
changeover. Teachers cannot aflord to 
ignore or delay the privilege and duty of 
teaching today's children for tomorrow's 
world of metrics as Congress prepares to 
give the green light for conversion. Teach- 
ers must assume the obligation to prepare 
themselves, their pupils, and, subsequently, 
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the public to meet our country's commit- 
ment to go metric. 
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Metric equipment: how to improvise 



JON L. HI G GINS 



any commercial companies arc now 
making metric equipment for classroom 
use, but until a large number of industries 
convert to the metric system, metric mea- 
suring tools will probably be more expen- 
sive than their English counterparts. Be- 
lieving that the best way for children to 
learn the metric system is for every child 
to have metric measuring tools for making 
measurements, teachers may face sizable 
purchasing problems. There is no substitute 
for sturdy, durable, and accurate measur- 
ing equipment, but if a school cannot 
aflord to buy such equipment immediately 
for every student, there is no reason to 
delay teaching the ir-ctric system. Buy a 
few good pieces of equipment to use as 
standards, and then ^ook around for sub- 
stitutes that each student can use in the 
meantime. You may be surprised to learn 
that you are already living in a metric 
world! 

Dividing by ten 

One of the basic di flic alt ies in impro- 
vising metric equipment is the problem of 
dividing by ten. The problem of dividing 
a given unit of length into ten equal parts 
does not have an obvious solution to chil- 
dren. If one takes a strip of paper and 
folds it in half, in half again, and in half 
once again, the creases will divide the 
strip into halves, fourths, and eighths. (Is 
this why the English system was divided 
into eighths and sixteenths?) But how can 
one divide a length into tenths? 
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The answer lies in a nice piece of geom- 
etry that older children might enjoy. Start 
with a strip of paper representing a length 
you wish to divide into tenths. Lay the 
strip on a sheet of paper and draw a line 
from the beginning of the strip outward 
at an angle; any angle will do (see fig. 1). 




Fig. 1 



Now take any convenient length unit, 
and mark ten of them off on the angled 
line, beginning at the vertex formed by the 
line and the strip. You may need to ex- 
tend the line in order to mark off ten 
lengths, or you may not use all of the line 
(sec fig. 2). 




/ 

I Strip to be subdivided 

Fig. 2 
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Draw a line from tiic end of the tenth 
unit to tile other end of the strip, as shown 
in figure 3. Then draw parallel lines from 
the ends of the other lengths. Tliese par- 
allels will intercept the strip, marking olT 
ten equal lengths and thus subdividing the 
strip just as we want it. 



,./'V Parallel 
^- lines 




Strip to be subdivided 



Children may be able to estimate paral- 
lel lines by simply sliding a straightedge 
sideways. If this does not seem accurate 
enougii, they can construct parallels with 
a compass and straightedge as suggested 
by figure 4, 



1. Set compass here" 



2 Mark arc of 
equal radius here 




3. Place straightedge 
on length mark 
and touching arc; 
then draw the line 

Fig. 4 



For children not adept at using a compass, 
the following method may be somewhat 
easier. Perpendicular lines are extended 
from both ends of the segment to be sub- 
divided. A straightedge with ten equal sub- 
divisions is turned until its ends lie on the 
parallel lines, and the position of the 
endpoint of each subdivision is marked. 
(The total length of the ten arbitrary sub- 
divisions on the straightedge must be longer 
than the segment to be subdivided.) Then 
' traightedgc is slid down slightly and 



the positions are marked again. Corre- 
sponding pairs of marks can be joined with 
lines tliat, when extended, will intercept 
the original segment, dividing it as desired. 
Figure 5 illustrates this procedure. 



— Line segment 
to be subdivided 




lii^ 



Length units 

Metric measuring tapes can be made by 
copying metric scales on strips of adding- 
machine tape. You may want to make 
tapes that are as long as 5 or 10 meters to 
help children visualize longer lengths, or 
you might want to use the tapes for the 
construction exercise discussed in the pre- 
vious section. Children can learn about 
units and subdivisions in the process of 
copying and making their own tapes. 

Do you own a set of Cuisenaire rods? 
These rods are one square centimeter in 
cross section, and their lengths range from 
one to ten centimeters. The notions de- 
partments of fabric stores often carry mea- 
suring tapes [h[\i are marked in metric 
units. If you need smaller units, remember 
that a dime is one millimeter thick. 

Area units and volume units 

Look for graph paper ruled in squares 
that are 2 millimeters on each side. Rule 
a piece of paper into grids of one square 
centimeter. You may have a machine in 
your school ollicc that will make trans- 
parencies for overhead projectors; if so, 
make several transparencies using your 
ruled paper. These plastic sheets can be 
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laid over objects antl the squares counted 
to cslimate areas in square centimeters. 

Building boxes in metric units to illus- 
trate metric volumes is a good exercise in 
geometry as well as metric measurement, 
Figure 6 illustrates some difTerent patterns 
for building boxes. How many others can 
your students think of? 







Weighing and weight units 

Because the gram is a very liglu unit of 
weight, many older balances arc not sensi- 
tive enough to he used successfully with 
metric weights. FortunLitcly, it is fairly easy 
to build an inexpensive balance that is 
easy to use. The main components of the 
balance are shown in Fiizure 7. The hciirt 



"3 
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Fig. 7 

of the balance is a wncHlen stick, about 40 
cm long. Three cup hooks are screwed into 
the stick, one in the middle on one side 
of the stick, and one at each end on the 
other side of the stick. A small nail is 
driven into the slick opposite the middle 
cup hook to serve as an indicator. Weigh- 
ing pans made from small pie tins are hung 
from the cup h<H^ks at the ends of the 
balance (tins from frozen pot pies work 
well for this). Tlie entire balance is hung 
O ,>m the center cup hook. A nail on a 



wall, a string from the ceiling, or a wooden 
upright stand will all make suitable sup- 
ports for hanging the balance, 

To use the balance, hang it from its 
support. You will need to adjust it so that 
the stick is horizontal when the pans are 
empty. One easy way to do this is to 
fasten small nails or paper clips with tape 
to the light end of the stick. When the 
empty balance is adjusted, mark the posi- 
tion of the indicator nail below the center 
cup hook. When weighing objects, put the 
object in one pan and add metric weights 
to the other pan until the indicator nail 
returns to the marked position, 

Sets of weights can be made by be- 
ginning with nickels. A nickel weighs five 
grams. Paper clips are inexpensive and 
imiform weights; however, sizes of paper 
clips vary from brand to brand, so their 
weight should always be checked against 
tile fi\^^-gram nickel. Cubes of sugar weigh 
approximately two grams and can be used 
ft)r weights, if you don't mind losing a few 
to nibblers! 

For larger weights, check your pantry 
at home. Many cans of soups and vege- 
tables are now nKirked in both ounces and 
grams. Metric weights arc usually found in 
small print on the sides of can labels or 
the small side panels of boxes. A quick 
trip to one pantry turned up a 305-gram 
can of chicken n{H)dle soup, a 425-gram 
can of beans, and a 907-gram box of pan- 
cake mix. 

Temperature units 

Thermometers may be recalibrated to 
the Celsius temperature scale. Put the 
thermometer in a pan of ice and water, 
and mark the lowest point that the mer- 
cury reaches. ( Dip only the bulb of the 
thermometer in the water; if the stem is 
dry you can mark the level of the mercury 
with a grease pencil or a small piece of 
tape. ) 

Now place tfie bulb of the thermometer 
in a pan of boiling water and mark the 
highest level the mercury reaches. Tlie 
two marked points are the 0 (freezing) and 
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100 (boiling) points on the Celsius seale. 
Lay the dry thermometer on a j)iecc of 
pnper and eopy the two marks. The dis- 
tance between these marks must now be 
subdivided into 100 cc[ual pieces. This 
task is one of subdividing icnelhs, and the 
geometrical ()rocedijrc discussed earlier can 
now he used. 

Accuracy 

Making your own Celsius thermometer 
sacrifices the accuracy in favor of low 
cost. The temperature of the ice and water 
mixture may not be exactly the tempera- 
ture at which water freezes, and the tem- 
perature of the boiling water dejiends on 
the air pressure of the room. However, 



you may tind that you gain new attitudes 
toward measurements and measuring in- 
struments when you make or adapt them 
yourself. The mystery of a thermometer 
scale tends to disappear when it is treated 
as a special length scale. 

In a similar fashion, constructing weight 
units out of familar everyday objects may 
make the weighing process seem much 
more practical than if one relied exclusively 
on brightly polished brass weights. Con- 
structing units of length, area, and volume 
quickly imparls the idea that the nietric 
system is a constructed system. In the end, 
you may discover that saving money is the 
least important reason for improvising 
metric equipment. 
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R I C H A R D J . SHU M WAY, LARRY A . SACHS, 
and JON L . H I G G I N S 



S up pose \vc acccju tlic premise tliat we 
should learn the metric system. What kinds 
of knowledge would be needed? How could 
(^nc best acquire such knowledge? One 
place to begin is by looking at yourself. 
Try your hand at the following sample 
test items. Can you make reasonable esti- 
mates or guesses? 

1. The height of a nian playing center on 
a typical high school basketball team is 
approxiniateiy 

a) 6 ni 
/)) 240 m 
c) 2 ni 
(I) 78 cm 

2. My car was a little low on oil so the gas 
station attendant recommended that \ add 
a can of oil containing 

a) 2 ml 
h) W 
c) 10 ml 
il) 20 1 

3. The diameter of a coll'ee cup is about 
a) 1 cm 

/)) 8 cm 
r) 20 em 
(I) 50 cm 

4. In order to bake a piz;^a, c/uc should set 
the oven temperature at about 

a) 100 C 
h) 400 C 
r) 220 C 
(I) 600 C 

er|c 



5. A good weight for a col lege- age girl of 
average height would be about 

a) 130 gm 
/)) 40 gm 
(•) I 50^ kg 
cl) 55 ki 

6. The length of a car is approximately 
a ) 5 m 

h) 15 mm 
c) 26 m 
cl) 3 cm 

7. The capacity of a classroom aquarium 
is usually about 

a) 10 1 
h) 200 ml 
c) 40 I 
(I) 25 ml 

8. A ^^ood temperature to set your home 
thermostat at for comfortable living would 
be 

a) 90 C 
/)) 32 C 
c) 70 "C 
cl) 20 C 

(Answers for these items can be k~)und at 
the end of the article.) 

Living metric will certainly require 
everyday knowledge of the type reflected 
in these test items. It probably will not 
require extensive ability to compute unit 
conversions accurate to three decimal 
places. Decisions will need to be made more 
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rapidly than the lime required for com- 
puting equivalents; however, most every- 
day decisions do not require a higii degree 
of precision. Thus, except for a very few 
technical jobs, living metric will require 
familiarity with the system so that reason- 
able estimates can be made. 

How can you acquire this familiarity? 
We propose that you go ''cold turkey." 
That is, don't even think metric, just live 
metric. Two rules are important: (1) all 
measure must be metric, and (2) you must 
"get your hands dirty;" i.e,. you must be 
willing to measure in order to learn mea- 
sure. 

To (|uotc an old adage, cducatic^n begins 
in the home. Start with your thermometer. 
Make ten labels that you can stick over 
the scale of your thermometL-r, one label 
with each of the following numbers: —40, 
-30, -20, -10, 0, 10,^ 20, 30, 40, 50. 
Tabic I shows over which number to put 
each label. 

Table 1 

Temperature conversion 







-40 


--40.0 


- 30 


-22.0 




- 4.0 


- ]{) 


14.0 


0 


.^2.0 


in 


50.0 


2f) 


fiS.O 


}{) 


sr>.o 


4r) 


104.0 


50 


122.0 



Here is the computer program used to 
generate the tabic: 

10 FOR C ■ --4f) TO .so STIT^ 10 
20 LCT V 9*'C'5-^^2 
30 PRINT USING 40. C.F 
40 IMAGF. 

50 NFXT C 

For example, the 0 should be pasted 
over the 32 mark on the Fahrenheit scale, 
the 10 over the 50 mark, and so on. Be 
^iro you cover up the old numbers com- 
i^-ely so that you can't see the tempera- 



lure ill Fahrenheit. Now take :i thin strip 
of paper and cover up (he subdivision 
marks from the old scale. You can estimate 
the appropriate subdivisions between the 
new Celsius numbers. 

You may be uncomfortable about read- 
ing temperatures in Celsius degrees at first, 
but if you make yourself live metric, you 
will soon fee! just as comfortable with 
numbers like 10, 20, and 30 as you used 
to feel witli numbers like 50, 70, and 90. 
You have to be ruthless, though, and cover 
all the old Fahrenheit scales so that you 
force yourself to live metric. 

Now to the bathroom scale. Make 
twenty labels for the numbers 5, 10, 15, 

20 90, 95, 100. Peci back the material 

around the window of your scale so that 
the window may be removed (sec fig. 1). 




Fig. 1 



Then, using table 2, paste the labels over 
the appropriate numbers. 

Table 2 

Weight conversfon — bathroom scale 



ki^ Ihs ki: !hK 



11 65 14.^ 

10 22 70 154 

\S 15 

20 44 HO 176 

25 55 85 187 

30 66 90 198 

35 77 95 209 

40 88 l(X) 220 

45 99 105 2^1 

5{) 110 110 243 

55 121 115 254 

60 132 



For example, the 5 would be pasted on 
the scale at 1 1, the 10 at 22, the 15 at 33, 
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iind so on. Again, give yourself no sym- 
patliy. Cover up the old numbers nnd the 
old subdivision mnrks completely. Don't 
use tiiblc 2 to convert bnck to pounds 
agiiin — put it away! Once your scale is 
hibcled, you no longer need table 2. The 
best way to get used to kilograms is to 
have to use kilograms. 

Now relabel those old yardsticks! Paste 
new numbers at the positions shown in 
table 3. 

Table 3 

Length conversions 



If! 


(7?! 


\ 


10 


s 


20 


1 i 7 S 


}i) 


IS 3 \ 


40 


19 s s 


>o 


2'^ S 


60 


27 1 2 


70 


M 1 2 


SO 


35 3 S 


90 



CiHcr all the (^Id numbers and scale 
divisions, nstimate the subdivisions be- 
tween the new centimeter numbers. 

You may prefer to destroy your old 
yardsticks and make new meter tapes. Two 
meters is an ideal length for many pur- 
poses, aiul buckram (available at most 
fabric stores) is a near-perfect, yet inex- 
pensive, material. Buckram usually comes 
in three-inch widths (fabric stores haven't 
completed their metric changeover) that 
can easily be torn lengthwise into strips. 
Make three strips, each about 2.5 cm wide. 
Cut them into two-meter lengths. a 
meter slick and a felt-tip marker, dimen- 
sion ant! label your tape measure with 
divisions and numerals as are desirable and 
practical. (A scale of centimeters is usually 
line, with possibly some millimeters shown 
at the beginnitTg. ) 

Again, remember that the point of living 
metric is to make a co/nplete change. 
Change all your yardsticks, or destroy 
them, or lock thcni away forever! You'll 
^Ind that forcing yourself to live metric 
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will eventually make thinking metric a very 
natural thing to do. 

There are many other changes you can 
make in your home. Use the information 
in table 4 to begin labeling other things 
in your home. Be a little goofy about it. 
You can make it fan! 

Don't forget to relabel the tools you use 
for your hobbies. Sewing, woodworking, 
photography, travel, and so on, are all 
ideal \'ehicies for learning to live metric 
because the sizes of things are familiar to 
you. 

Living metric in the classroom 

When you have relabeled your home, 
start relabeling your classroom and school, 
^'ou may want to accelerate the pace at 
which the metric system is used by creating 
special measuring activities. Use the new 
meter stick or tape measure to become 
familiar \\\ih some common lengths in 
metric. .Are you 1.6 m tall with a waist of 
60 cm? Is your pencil 11.5 cm long and 
your notebook paper 22 cm wide? As you 
become more comfortable with metric 
lengths, estimate before you actually mea- 
sure. You may be surprised at how quickly 
the accuracy of your estimates improves. 

Do you have a juice or Kool-Aid break 
in your class? Turn it into :m experience 
with metric volumes. Let the children order 
the amount they want in metric measures. 
.An order for ten milliliters receives less 
than a tablespoon full; a request for two 
liters gets a half-gallon pitcher full! 

Besides requiring children to practice 
their metric knowledge and adding a little 
humor, this is an excellent opportunity to 
emphasize the volume/mass relationship. 
Try using styrofoam cups that have a very 
small mass (less than 5 g). If a child re- 
quested 150 ml, how could you check how 
accurate the dispenser of the juice was 
with [lis estimate? If you were thinking 
"weigh the juice and cup," you're right! 
Since juice is mostly water and one milli- 
liter of water at 4 degrees Celsius weighs 
one gram, the weight of the juice in grams 
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is a good appr(\xinKitioii of its volume in 
miliililcrs. 

After ycni iuivc introduced a series of 
individual activities for practicing metric 
skills, it's inicrcsting to get the class to- 
gether for a metric countdown. Prior to 
its start, each child should have measured 
and labeled several items for use in the 
c(unitdo\vn. Divide tiic class into two teams 
and proceed as in a spelling bee, where 
the object is to guess the metric measure- 
ments of difTerent items. Two modifications 



make for a better game. First, accept ''ball 
park*' answers as correct. If one player 
guesses the width of a desk to be 80 cm 
when it is actually 88 cm. for example, he 
should certainly be given credit. .A guess 
of 50 em. though, is probably not close 
enough. One perso\. can act as judge, 
basing his decisions on the ability level of 
the group. Second, if one person on each 
team misses an item, it is best to announce 
the correct measurement and go on to the 
next item. 



Table 4 

Other metric conversions 



DiMiinct's >(t Pliu cs )'i>n ii\:n'l 






cn Sci, 










Raoni Dimensions 


^ ktr 


3 mi 


100 ym 




5 iv 




0. 


22 Ih 


1 . 


0 111 


3 . 3 f I 


H) km 


6 mi 


2(H) ym 


l'. 


1 n/ 




0. 


4-1 li^ 


1 . 


5 111 


4.9 ft 


1 ^ kfii 


9 nii 


300 ym 


10. 


6 0/ 




n. 


66 Ih 




0 111 


6 . 6 ft 


20 km 


12 [111 


400 gm 


14. 


1 o/ 




0. 


SS Ih 


1 


5 m 


S . 2 f I 


2.^ km 


16 nil 


5<K) gm 


17. 


6 0/ 




1 . 


, 10 \h 




0 111 


9 . S* 1 1 


^0 km 


1^; mt 


6(K) gm 


21 . 


2 0/ 




I . 


,32 lb 




5 m 


11.5 f I 


35 km 


22 nit 


7(M) «»m 


24. 


7 0/ 




1 . 


54 Ih 


4. 


0 111 


13. 1 ft 


40 km 


25 mi 


StM) I;m 


2S. 


2 0/ 




1 . 


,76 Ih 


4. 


5 111 


14. S ft 


45 km 


2S mi 


9(K) Ltm 


31 . 


7 (>/ 




1 . 


,9S lb 


_s . 


0 111 


16.4 ft 


50 km 


31 mi 


iOOO >:m 


35. 


3 0/. 




T 


,20 lb 


5 . 


5 m 


IS.O ft 


HK) km 


62 mi 


1 UK) Iim 


3S. 


S OA 




*• 


,43 lb 


6. 


0 111 


19.7 ft 


150 kru 


93 mi 


1200 gm 


42. 


3 0/ 




1 


,65 lb 


6. 


5 111 


21.3 ft 


im km 


124 mi 


1300 Ltm 


45. 


9 o/ 




1 


.S7 lb 


7. 


,f) 111 


23.f) ft 


250 km 


155 mi 


1400 mil 


-}9. 


4 OA 






,09 lb 


7. 


5 111 


24 . 6 rt 


300 km 


IS6 mi 


1500 gm 


52. 


9 0/ 






.31 lb 


S. 


,0 111 


26.2 ft 


350 km 


217 mi 


16(K) 'jMl 


56. 


,4 OA 






.53 lb 


s. 


. 5 111 


27.9 ft 


4(H) km 


249 mi 


1700 '-111 


60. 


,0 OA 






.75 11^ 


9. 


,0 111 


29.5 fl 


45{) km 


2SM> mi 


IS(K) urn 


63. 


, 5 OA 






,97 Ih 


9. 


. 5 m 


31.2 ft 


500 km 


31 1 nii 


19(X) yni 


67. 


,0 0/ 




4, 


. 19 Ih 


10. 


,0 111 


32. S ft 


1000 km 


621 nil 


2000 ym 


70. 


, 5 IV 




4 


.41 lb 


10. 


, 5 111 


34.4 ft 


1500 km 


w32 mi 














1 1 . 


4) m 


36. 1 It 


2(K)0 km 


1243 mi 




















25(K) kill 


1 553 nil 




kill ht-t\ (\i 


'\U 












MYM) km 


1S64 mi 
















S 


icruh l\ii/ 


35<)0 km 


2175 mi 


-> 


5 ml 




1 


2 tcLl^pl>l1^ 








4000 km 


24S5 mi 


15 

N) 


ml 
ml 
ml 




1 
1 

1 


tCM^PiHMl 

tublcNpdoii 

4 CLIP 


1 

T 


1 
1 
1 


1 . 1 qt^ 

2.1 qts 

3.2 qt^ 




'< htf)h'!i'r 


so 


ml 




1 


3 cup 


4 1 


4.2 (Its 




120 


ml 




1 


2 cup 


5 


1 


5 . 3 qls 


20 km hr 


12 mi hr 


160 


ml 






3 cup 


6 1 


6. 3 qts 


40 km hr 


25 mi hr 


ISO 


mi 






4 cup 


7 1 


7.4 qt^ 


60 km hr 


37 mi fir 


240 


ml 




1 


cup 


X 


I 


8.5 qts 


SO km hr 


50 mi hr 














9 1 


9.5 qls 


100 km hr 


62 mi hr 














10 1 


10.6 qts 


I20 km hr 


75 mi hr 




















I-U) km hr 


S7 mi hr 




Prink i>!'^ 


(//</.VV 


illh 


/ nu lii-r 






(ins innk 
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KK) ml 


3.4 11 OA 




Icni/wrntnrf 


2(M) ml 


6.S n OA 




.^()0 ml 


10. 1 11 OA 


jfxrc 


2l2'M-" 


4fH) ml 


13.5 i1 ()/ 


125''C 


257 l- 


500 ml 


16.9 n o/. 


15() (■ 


302 4- 


600 ml 


20.3 11 OA 


175 (■ 


347 f- 


700 ml 


23.7 11 OA 


200' (■ 


392 f- 


S(M) ml 


27. 1 11 ()/, 


225 ( ■ 


437"4-- 


m) ml 


.^0.4 fl ()/ 


-■OX' 


4S2M- 


KHM) ml 


33.8 11 OA 



If) 1 

20 1 

40 I 
50 1 
TtO ! 
70 1 
80 1 
90 1 
100 1 



2.6 gal 
5 . 3 gal 
7.9 gal 
10.6 ual 
13.2 ual 
15.9 
18.5 gal 
21.1 ual 
23.8 ual 
26.4 ucil 
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The list of activities and games that 
will encourage children to live metric is 
endless. Once you have converted your 
house and classroom to the metric system, 
get out your plan book and convert your 
own time-tested classroom activities to 



metric. Once you do, you 11 lind that think- 
ing metric and living metric is not only 
easy, but enjoyable! 

Oh. yes, the answers to the sample test 
items are 1, c; 2, /;; 3, h\ 4, c; 5, d\ 
6, a\ 7, 8, <i 
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Procedures for designing your own 
metric games for pupil involvement 

CECIL R. TRUEBLOOD and 
MICHAEL SZABO 

Currently an associate professor in matlietnalics education 
at Pennsylvania State University, Cecil Trueblood is particularly 
interested in the teaching of mathematics in thv elementary school. 
Michael Szoho, also at Pennsylvania State, is an associate professor 
of science education, flis educational interests center on instructional 
development, individualizeil instruction, and complex prohlem-solvini,'. 



J^hhough much has been written on the 
values of mathematical games in the ele- 
mentary grades and many game books have 
been published, little has been written that 
would help classroom teachers design, pro- 
duce, and evaluate games for use in their 
classroom. The focus of this article is to 
present a set of seven criteria that were de- 
veloped in a summer workshop for inser- 
vice elementary teachers who decided that 
they wanted to be able to produce metric 
games and related activities that would fit 
into their ''metrication" program. 

The teachers in the workshop began by 
asking a practical question: Why should I 
be interested in producing my own metric 
games? They concluded that the game 
format provided them with specific activi- 
ties for pupils who did not respond to the 
more typical patterns of instruction. They 
felt that in the game format they could 
provide activities of a higher cognitive 
level for pupils who had difliculty respond- 
ing to material requiring advanced reading 
skills. 

The teachers then asked a second ques- 
tion: Docs the literature on the use of 
mathematics games contain any evidence 
that would encourage busy classroom 
teachers to use planning time to develop 
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their own games? The available profes- 
sional opinion supported the following 
conclusions: 

1, Games can be used with modest 
success with verbally unskilled and emo- 
tionally disturbed students, and students 
for whom English is a second language, 

2, Games have helped some teachers 
deal with students who present discipline 
problems because they are bored with the 
regular classroom routine. 

3, Games seem to fit well into class- 
rooms where the laboratory or learning- 
center approach is used. This seems re- 
lated to the feature that games can be 
operated independent of direct teacher con- 
trol thus freeing the teacher to observe and 
provide individual pupils with assistance 
on the same or related content. 

Plan for development 

If for any of the reasons just cited you 
are interested in designing and evaluating 
several of your own metric games, how 
should you begin? Simply use the following 
checklist as a step-by-step guide to help 
you generate the materials needed to create 
your game. Use the exemplar that follows 
the checklist as a source for more detailed 
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suggestions. Each item in tiie checklist has 
been keyed to the exemplar to facilitate 
cross referencing. 

CHECKLIST GUIDE 

Write down what you want your 

students to iearn from playing your 
game. (Establish specific outcomes) 

... Develop the materials required to 

play the game. (Make simple ma- 
terials ) 

Develop the rules and procedures 

needed to tell each player how to 
participate in the game. (Write 
simple rules and procedures) 

Decide how you want students to 

obtain knowledge of results. (Pro- 
vide inmiediate feedback) 
. Create some way for chance to en- 
ter into the playing of the game. 
(Build in some suspense) 

.„ Pick out the features that can be 
easily changed to vary the focus or 
rules of the game. (Create the ma- 
terials to allow variation) 

... .Find out what the students think of 
the game and decide whether they 
learned what you intended them to 
learn. (Evaluate the game) 

The exemplar 

Establish specific outconies 

By carefully choosing objectives that in- 
volve both mathematics and science pro- 
cesses — such as observing, measuring, and 
classifying — the teachers created a game 
that involves players in the integrated ac- 
tivities. This approach reinforces the phi- 
losophy that science and mathematics can 
be taught together when the activities are 
mutually beneficial. That is, in many in- 
stances integrated activities can be used to 
conserve instructional time and to promote 
the transfer of process skills from one 
subject area to the other. The exemplar's 
objectives are labeled to show their rela- 
tionship to science and mathematical pro- 
cesses. 
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TEACHERS 

1. Given a set of common objects, the 
students estimate the objects' weight cor- 
rect to the nearest kilogram. (Observa- 
tion and estimation) 

2. Given an equal-arm balance, the 
students weigh and record the weights of 
common objects correct to the nearest 
centigram. (Measurement) 

3. Given an object's estimated and ob- 
served weight correct to the nearest centi- 
gram, the student computes the amount 
over or under his estimate. (Computation 
and number relationships) 

Make simple materials 

The following materials were constructed 
or assembled to help students attain the 
objectives previously slated in an interest- 
ing and challenging manner. 

1. Sets of 3-by-5 cards with tasks given 
on the front and correct answers and points 
to be scored on the back. (See fig. I.) 

2. A cardboard track (see fig. 2) made 
from oak tag. Shuffle the Zfs (estimate 
cards), (9\s (observed cards), and the D\s 
(difference cards) and place them on the 
gameboard in the places indicated. 

3. An equal-arm balance that can weigh 
objects up to 7 kilograms. 

4. A pair of dice and one different 
colored button per player. 

5. A set of conmion objects that weigh 
less than 7 kilograms and more than 1 
kilogram. 

6. Student record card. (See lig. 3.) 

Write simple rules and procedures 

The rules and procedures are cnicial to 
making a game self-instructional. In the 
following set of directions notice how a stu- 
dent leader and an answer card deck serve 
to ease the aiifswer processing needed to 
keep the game moving smoothly from one 
player to another. It is essential to keep the 
rules simple and straightforward so that 
play moves quickly from one student to 
the other. 
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Card 



2 points 



The estimated weignt of 
the bricK 15 kg 



_kg. 



Front of card 



Card 



Back of card 



2 points 



The 0 b s "3 r ; 0 d back's 
weigh* !s _.„Kq 



Front of card 



Back of card 



Card 



'r[\ ji the binnkr. belo.v 
"r-jn <:A:'^ro.j*e the difforenco 
L".e!v;oe'^ *r>e b''ick's estirr.Gted 
1 ar-'.'-j ohser .'ed weigh' Ecfimafed 

■ weight kg .Jbseryed 

I y/e-gh' 0* bn-^k ..._k:] 



Difference 



4 points 



_kg. 



Front of card 



Back of card 



Fit:. I 



1. Number of piaycrs, two to six. 

2. The student lender or teacher uide 
begins by rolhng the dice. 

The highest roll goes first, All players start 
with their buttons in the "Start Here" block. 
The first pfaycr rolfs one die and moves his 
button the number of spaces indicated on 
the die. If he lands on a space containing 
an E, (7, or D he must choose the top card 
in the appropriate deck located in the cen- 
ter of the playing board or track and per- 
form the task indicated. (In the example 
shown in figure 1 this would be Card E.^.) 



The player then records the card number, 
his answer, and the points awarded by the 
student leader on his record card. The stu- 
dent leader checks each ph:yer's answer 
and awards the appropriate number of 
points by reading the back side on the 
task ci-rd. He then places that card on the 
bottom of the appropriate deck and play 
moves to the right of the first player. The 
player who reaches **Home" square with 
the highest number of points is the winner. 
At the end of the play each player turns 
in his score card to the student leader who 
gives them to the teacher. 
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(■:?) 

Start .L> 



Here^. 



Skip 
Forward 
2 spaces 



Go back 
I Space 



Subtroct 
2 points 



You lose ! 
I turn I 



Add 
2 points 



Fig. 2 



Provide immediate feedback 

By placing the answer on the bnck of 
the task card and appointing a student 
leader, the teacher who developed this 
game built into the game an important 
characteristic, immediate knowledge of the 
results of each player's perforn^ance. In 
most cases this feedback feature can be 
built into a game — by using the biick of 
task cards, by creating an answer deck, or 
by using a student leader whose level of 
performance would permit him to judge 
the adequacy of other students' perform- 
ance in a reliable manner. Feedback is one 
of the key features of an instructional game 
because it has motivational as well as in- 
structional impact. 

Have students record diagnostic infor- 
mation. The student record card is an im- 
portant feature of the game. The cards 
help the teacher to judge when the diffi- 
culty of the task card should be altered 
and which players should play together in 
a game, and to designate student leaders 
for succeeding games. The card also pro- 
vides the player with a record that shows 
his scores and motivates him to improve. 



This evaluative feature can be built 
into most games by using an individual 
record card, by having the student leader 
pile cards yielding right answers in one 
pile and cards with wrong answers in an- 
other pile, or by having the student leader 
record the results of each play on a class 
record sheet. 

Bidld in some suspense 

Experience has shown that games en- 
joyed by students contain some element of 
risk or chance. In this particular game a 
player gets a task card based upon the 
roll of the die. He also has the possibility 
of being skipped forward or skipped back 
spaces, or of losing his turn. Skipping 
back builds in the possibility of getting ad- 
ditional opportunities to score points; this 
feature helps low-scoring studenfs catch up. 
Skipping forward cuts the number of op- 
portunities a high-scoring player has to 
accumulate points. The possibility of add- 
ing or subtracting points also helps create 
some suspense. These suspense-creating 
features help make the game what the stu- 
dents call **a fun game/' 
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r 



student's name 



Date , 



Card__ number 

E3 

^2 



Answer given 
2 kg. 

( kg. 
Fig. 3 



Number of points^j 



......J 



Create the materials to allow variation 

A game that has the potential for varia- 
tion with minor modifications of the rules 
or materials has at least two advantages. 
First, it allows a new game to be created 
without a large time investment on the part 
of the teacher. Second, it keeps the game 
from becoming stale because the students 
know all the answers. For instance, the 
exemplar game can be quickly changed by 
making new task cards that require that 
students estimate and measure the area 
of common surfaces found in the classroom 
such as a desk or table tops. By combin- 
ing the two decks mixed practice could 
be provided. 

Evaluate the game 

Try the game and variations with a small 
group of students and observe their ac- 
tions. Use the first-round record cards as 
a pretest. Keep the succeeding record cards 
for each student in correct order. By com- 
paring the last-round record cards with the 
first-round record cards for a specific stu- 
dent, you can keep track of the progress 
a particular student is making. Filing the 
cards by student names will provide a 
longitudinal record of a student's progress 
for a given skill as well as diagnostic infor- 
mation for future instruction. 

Finally, decide whether the students en- 
joy the game. The best way is to use a 
self-report form containing several single 
questions like the following, which can be 
answered in an interview or in writing: 

I. Would you recommend the game to 
someone else in the class? ^ Yes -....No 



2. Which face indicates how you felt 
when you were playing the game? 



\ 



3. What part of the game did you like 
best? 

4. How would you improve the game? 

Concluding remarks 

The procedure just illustrated can be 
generalized to other topics in science and 
mathematics. The following list provides 
some suggested topics. 

1. Classifying objects measured in metric 
units by weight and shape 

2. Measuring volume and weight with 
metric instruments 

3. Measuring length and area with metric 
instruments 

4. Classifying objects measured in metric 
units by size and shape 

5. Comparing the weight of a liquid to its 
volu me 

6. Comparing the weight of a liquid with 
the weight of an equal volume of water 

7. Predicting what will happen to a block 
on an inclined plane 

8. Comparing the weights of different 
metals of equal volume 

Why don't you try and create some 
games for each of these topics? Then share 
the results with your colleagues. Additional 
examples developed by the authors are 
available in ^'Metric Games and Bulletin 
Boards" in The Instructor Handbook Series 
No. 319 (Dansvillc, New York, 1973). 
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Activities that contribule to the stiklcnt's per<:onal 
understanding of key concepts in mathematics. 

Prepared by George Imrnerzeel and Don Wiederanders, Malcohn Price 
Laboratory School, University of Northern hnva, Cedar Falls, Iowa, 



luuli /DF.AS presents activities thot arc np- 
propriatc ji>r use with stmlents at the various 
levels in (he eletnentnf y .vcAno/. After you have 
chose/t the aetivities that are most appropriate 
for your .\tuJenls, renune the (Utility sheets 
anil r.'prodtue the eopies y(Ui need. After a 
sheet has been used, add vour own ctujinients 
and file the innteriuls fi>r future use. 



IDEAS for this month relates to unit.s of 
measure. The focus is on the metric system. 
Activities at the lower levels use the familiar 
number line to relate hasie units of measure 
within the metric system. Upper level activities 
use the nionher line to relate familiar luii^lish 
units and basic metric units. 
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Fv^r Teachers 



Objective: Experience in relating basic units of linear measure using a metric 
number line 

Levels: K 2. or 3 

Directions for teachers: 

1. Remove the activity sheet. Reproduce a copy for each student. 

2. Have a student measure with a meter stick the width or height of a 
famihar object in the front of the room. Have everyone put his pencil 
on his metric number line to show the measure reported by the student, 

3. Be sure your students understand the directions for each part before 
they proceed. 

Comments: Metric measures are likely to be more important to your 
students' lives than English measures. It is the schcxiPs responsibility to 
provide learning situations in which the student relates personally to metric 
units of measure. If your students have not had experiences in actual 
measurement with centimeter scales prior to this time, such experiences 
should precede the use of this activity sheet. 
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A MKTRIC HANDBOOK FOR TEACHERS 



I 




For Teachers 



Objectives: Experience 
number line 



in relating basic metric units of weight using a 
model 



Levels: 2 or 3 
Directions for teacliers: 

1. Remove the activity sheet and reproduce a copy for each student. 

2. Hold up some familiar objects such as a chalkboard eraser labeled 52 
grams and a book labeled 525 grams. Have each student use his pencil 
to show each weight on his metric number line. 

3. Have students do the first set of exercises on the activity sheet. Note that 
the abbfcviation for grams is used on the drawings. 

4. Ask if any of the weights shown eould have other names (1000 grams 
~ i kilogram and 2000 grams =^ 2 kilograms). 

5. Have students do the remaining exercises. The second set of exercises 
helps to focus on the two names for special points on the metric line. 

Comments: These activities arc not nieant to replace experiences that 
build the student's basic referent for units of metric weight. Prior to using 
this activity sheet, the student should have personal experience in weighing 
familiar objects using metric scales. 



t-r? 



Los Angeles 3,352 km 



Lond on 6,336 km 



Moscow 7368 km 



Bos t CO 1^560 J<rn ' 



New Orleans 1.486 Km 



'You are here. 



Paris 6.624 km 



Washin gton, D.C. 1,099 km 



Seattle 3,301 km 



Tokyo__JOP8gkm 
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For IVachcrs 



Objective: Hxpcricncc with the metric system of weiiiht 
Grade level: I. 2. or 3 

Directions for teachers: 

Remove the stiKient acti\ity slice t aful reproduce a copy for each student. 
If feasible, e ich student shcnild be iiiwMi a suiiar cube as a referent. Under 
less ideal circumstances, you may exhibit one or niore su^ar cubes to be sure 
that each student has at least a visual imaec of the object that wciiihs "2 
grams." 

Directions for students: 

1. Note that each stack is made of suuar cubes and that each sugar cube 
weighs 2 grams. 

2. Decide how much each stack weighs. 

Cotnnienis: For sanitary and health reasons, it is impractical to ha\'e each 
<tudent personally build and feel the weight of each stack of sugar cubes. 
This experience may easily be con\'ertcd to a hands-on laboratory experience 
by using one-inch cubes that weigh approximately ten grams each. In class- 
rooms where the students have had presious experiences with three-dimen- 
sional geomctrw a work table with a box of wooden cubes will suilice as an 
aid for those students who can't visualize the stacks as pictured. Expect 
students to attack these problems in a variety of ways. Some will count by 
twos; others will find the number of cubes and multiply that number by two. 
Some students may solve G by simply multiplying the answer to D by five. 
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For Teachers 



Objective: Experience with w-^ighi and length using tiie metric system 
Grade leveJ: 3 or 4 



Directions for teachers: 

Reproduce a copy of the activity sheet for each student. You may wish to 
exhibit or even pass around several new pieces of chalk. Students may note that 
most pieces of chalk are not identical and correctly conclude thai the S centi- 
meters and 10 grams are approximations. Once the students have the basic 
referent in mind they should work independently on this activity. 

Comments: The total length as an end-to-end chain of individual pieces is 
an important concept. It should not be expected that this concept is intuitive 
for all students. 



A n.swers 

I. 20 grams, 16 centimeters 2. 5 grams, 4 centimeters 
3. 15 grams, 1 2 centimeters 4. 25 grams, 20 centimeters 




CHALK 



Length: 8 centimeters 
Weight: 10 grams 



Estimate the total weight and the total length of the 
pieces of chalk shown for each exercise. 



Weight: grams 

Length: centimeter? 
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For Teachers 



Objective: Experience with equivalent Einglish and metric measures 
Levels: 4, 5, 6, 7, or 8 
Directions for teachers: 

1. Remove the activity sheets tiiat you feel are appropriate for your students. 
Make copies for each student. 

2. Use one or more of these activity sheets in a measurement sequence. 
Note that the names of some units are abbreviated in the drawings on 
these sheets. 

3. If students disagree regarding certain answers, they should he encouraged 
to perform a physical measurement to determine the correct answer. 

Cofutuents: These activities are not meant to replace the laboratory 
experiences that build the student's basic referent for measurement and the 
various units involved. Their use should follow laboratoi^ experiences that 
include actual measuring of length, weight, and volume using instruments 
that measure in metric units, Contemporary science programs include the 
necessary measuring instruments calibrated in metric units. If the instruments 
are not available in your school, contact your science supervisor. 




" The fever is gone. Your temperature 
is right at 37^" 




Metric 

0 lOOg 200g 300g 400g 500g600g 700q 800g 900g I kg llOOg 



0 4oz. 8oz l2oz. Mb. 4oz, 8oz. l2oz. 2lbs 4oz. 8oz. 
English 



Put an X on the nneasurement line for each nneasure. 
8 ounces 9 ounces z pound 

I pound 2 ounces l:^- pound 2.2 pounds 

40 grams 100 granns 500 granns 

10 granns 1000 granns 1050 grams 



Estimate the weight in grams of each object. 




grams 



CANDY 
lOoz. 




-grams 



BACON 
pound 



.grams 



BABY FOOD 



.grams 
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Name 



500 1 

0 ml liter 

J 



I \ r r 

0 I 1 
cup pint 



1500 
ml 



quart 



I I 1 

3 2 
pints quarts 



2 2500 3 
liters ml liters 
J 



I r 



1 r 
3 

quarts 



3500 4 
ml liters 

J L 



1 ^ ! ^ 

I 

gallon 



Put on X on the measurement line fa each measure. 



cup 



Y liters 



2.8 liters 



3 cups 
2 2" quarts 
495 milliliters 



2 pints 
8 cups 

3550 milliliters 



Use the measurement line to estimate the metric measure 
for each English measure. 






PINT 



1 

Q 




U 




A 




R 




T 





Use the measurement line to estimate the English measure 
for each metric measure. 




quarts 



THACHING run METRIC SYSTEM: ACTIVITIES 



I 



For Tenchcrs 



Objective: Fxpcricncc in using conversion tables: Englisli system to metric 
system and metric system to English system 



Grade level: 5 or 6 



Directions for teachers: 

1. For each student, reproduce the aLtivity sheet and a copy of the conver- 
sion tables printed at the end of this section. 

2. Have all students study the first two conversion tables. Be sure that they 
can "read" them and note their relation to each other, 

3. Encourage students to work independently. 

4. Observe students to be sure they leani to read the tables accurately. 

Comments: The tables give ali measures to the nearest hundredth. The 
rounding causes some apparent inconsistencies in the tables; for example, 
6 centimeters is 3 times 2 centimeters, but the corresponding table entr}' — 
2.36 inches — is not precisely 3 times .79 inches. You may wish to discuss 
this situation with some of your students. 

Answers 

1. a. } inch b. 8 inches c. 2 inches d. 8 centimeters 
e. 4 inches f. 8 inches 

2. a. 1 mile b. 2 kilometers c. 6 miles d. 50 kilometers 
e. 20 kilometers f. 100 kilometers 

3. a. I kilogram b. 3 kilograms c. 5 kilograms d. 50 pounds 

4. a. 25.4 centimeters b. 76.2 eentimeters c. 68.58 centimeters 



Name 



Use the conversion tables, 

1, Draw a ring around the longer measure, 

Q. 1 centimeter or 1 inch b. 8 centimeters or 8 inches 
c. 5 centimeters or 2 inches d. 8 centimeters or 3 inches 
e. 4 inches or 10 centimeters f. 20 centimeters or 8 inches 

2, Draw a ring around the larger distance. 

a, I kilometer or 1 mile b, 2 kilometers or 1 mile 
c. 6 miles or 10 kilometers d. 50 kilometers or 30 miles 
e. 12 miles or 20 kilometers f, 60 miles or 100 kilometers 

3, Draw a ring around the heavier weight. 





d 



5 

kilograms 



-I 
J 



20 
kilograms 



Complete each statement to make it true, 

a. A stick that is 10 inches long is 

long. 

b. A line segment that is 30 inches long is 
centimeters long. 

c. A line segment that is 27 inches long is 
centimeters long. 



5C? 
pounds 



centimeters 
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Objective: Fxperience in using conversion tables: Englisli system to metric 
system 

Grade levels: 6. 7, or 8 



Directions for teachers: 

!. Reproduce for each student a copy t^f the Personal Data Sheet and of 
the ctinversion tables on the followinii page. 

2. Place these pages on the activity table along with a tape measure, sev- 
eral rulers, and a bathroom scale. 

3. F-!ncourage students to fill out their Persona! Data Sheet as an individual 
project. Allow a week [ov this "extra.*' 



Ci)ninic'fus: Some students may be sensitive about making ''(uiblic" some 
of their personal data. You may a\'oid unpleasantness by allowing students 
to skip an}' data the)' consider tc>o personal. Sorry, it is impossible to pro\ide 
answers for the Personal Data Sheet. 
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Use your conversion tables to help you complete this sheet. 

PERSONAL DATA SHEET 



Name: 
Age: _ 



Height: 



2. Weight: 



3. Waist: 

4. Chest: 

5. Span: . 

6. Reach: 

7. Pace: _ 



Date : 



years 
feet ^ 



centimeters 
meters 

pounds 



kilograms 



grams 



inches 

inches 

inches; 

inches; 

inches; 



_ months 
inches 



8. Length of shoe: 



inches; 



centmieters 

centimeters 

centimeters 
centimeters 
centimeters 
centimeters 



CONVERSION TABLES 



7 Inches 



1 



Converter 



C ent i meters' I 



Inches 


1 


2 


3 


4 


5 


6 


7 


8 


9 


Centimeters 


2.54 


5.08 


7.62 


1016 


12.70 


15.24 


1778 


2032 


2286 




/ / 




>■ 


>-/ Centimeters 


Converter / 


Inches 1 - 






Centimeters 




2 _^ 


3 


4 


5 


6 


7 


8 


9 


Inches 


,39 


.79 


1.18 


1.57 


1.97 


236 


2.76 


3.15 


3.54 




/ 


/ 

)nverter / 







>-/ Miles 


Cc 


Kilometers /- 






Miles 


1 


2 


3 


4 


5 


6 


7 


8 


9 


Kilometers 


1.6! 


3,22 


483 


6.44 


8.05 


9.66 


11.27 


12.87 


14.48 




/ / 







Kilometers 


Converter / 


Miles 1 




r 




Kilometers 


1 


2 


3 


4 


5 


6 


7 


8 


9 


Miles 


.62 


1.24 


1.86 


2.49 


3.11 


3.73 


4.35 


497 


5.59 




/ / 






3»-/ Pounds 


Converter 7 


Kiloarams 1 












Pounds 


1 


2 


3 


4 


5 


6 


7 


8 


9 


Kilograms 


.45 


9! 


1.36 


1.81 


2.27 


2.72 


3.18 


3.63 


4.08 








^ 


^[Kilograms 


Converter ^ 


Pounds 1 








Kilograms 


1 


2 


3 


4 


5 


6 


7 


8 


9 


Pounds 


220 


441 


6.61 


8.82 


11.02 


13.23 


15.43 


17.64 


19.84 



ing the Metric System: Guidelines 



Rcft iii!Ovl fiiiin the April M)7.> Aku umi i u li \t iii k . C'i»p> I'iiilu f 1 ')7 '., N.iiional (."ouiKtl i>f fc.ichfi's of .M.ithoni;itics. 



Schools are going: metric 



F R U D .1 . 1! E L G R N 

A rctircil ri'srurch iliftnis!, f'ttiJ Hfli^n'n ha.s hct'ii an (Officer in 
//.'{■ \/r<'//c .-I ss('< u;//, >/;. i)i '^tini:ii!ii>n (Inn prcpmcs (inj ,/o7///>///c\ 
niftric cJncadftnul a/t/.s. //(■ luis ht'fn lu fivr if} pronunim: //'f (ulopiion 
oj tiw inctrii- syMc/n !</ icplticc ihc srrc>\il s\Mcnis n<>u' 
itsc in till' I tiiUil Slii.'i.s. 



F priivi llic IciiLith of Kinu I'llLiar's foot. 
iIk" k'liLilh lioiM ihc lUKc lo (Ik- lip of the 
fiiii!cr. Uic k-iii!lh of thicc ImtIcv corns hiiii 
cikI to lMkL the ;iiiiou!U of hiiui that cini he 
plowed by ;t yoke of oxen in one day. 1-or- 
Liet, if sou have lUU ah'eaily done so. the 
ruiniher t>f se|iiare feet in an aere, the ilit'- 
feienee helween a ilrv Ljuail and a liLjiiiil 
L|uarl. the nuruber of pecks in a bushel, anil 
all the rest of tlie svsleiii of measures that 
are learneel with dillieulty and fofLiotten 
with ifie urealest of ease. 

'i he IcLial system of measure in the 
l-'nitetl Stales is aeluaNy the metric system. 
It was aeio[ned bv an act i^f CouLiress in 
lSfi6. Children should have been educated 
if! this lani^uaiie of measure follouiniz tliat 
inip(»rtant ste}^ in the imprcuernent of our 
systems of measure. Charles Sumner, the 
senattu" from Massaefuisetts u ho sponsoreil 
the .Metric Bill n\' I S6(> that made the met- 
ric system leuai in the I'nited States, stated 
ai that time. I'hey who have aheaily 
passeei a certain perioil of life mav not 
aelopt it. but the risiiii: ueneraticMi will em- 
{•>raee it and ever aflerward nuf]iber it 
amom: the choicest possessi(Mis of an ad- 
vanced civilization. 

The sciences savs' (he advantages of (he 
metric s\stem, adopted it, and ha\c used 
it almost exclusively. It was not. however. 
acceplOLl for iicneral use. and scliools ap- 
jM'oached the use of the metric system in a 
uav that Liave it little cncouraLienient. The 

o 
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follow ing are siMiie of the poorK- ciMiceixed 
practices : 

1. Metric measure was not studied as a 
system by itself. 

2. People were not taught to rniNK 

Ml- I KiC. 

3. Textbooks often cimtaineel only n 
single unit on the system, and problems 
were merely conversions from one svstem 
to the other. 

4. The unit on the metric system was 
frequently at the ciui of the textbook. As 
a result, it was seklom taught. Teachers 
had little knovvldege of the system, and it 
vsas omitted because of lack of time. 

Now a new da\" has dawned. F'ol lowing 
the three-\ear metric sl.udy by the Na- 
tional Bureau of Stanilards anel the Secre- 
tarv of Coniineice. Maurice IT Stans, who 
was Secretary of CcMninerce in 197! when 
the study was completed made the follow- 
ing rccomniendations to the Congress of 
the I'nited States: 

e That the United States change to the 
International Metric System deliberately 
and carefully; 

• That this be done through a coordinated 
national progr:mi; 

o That the Congress establish a target date 
of ten years ahead; 

« dhat there be a firni government com- 
mitment to this goal; 



70 X MI'IRIC MANDIJOOK '-OR 'I'l-ACIIl-RS 

o Tli.it iMii) priiMi[\ Ix' L'i\k'ii 'm ^\!uc;i!!jil: The wtukiiiL! unils o\ the metric system 

evcu Xfii.Tie.m NeliPolehiU! arul the pub- are e;!s\ io ieani. "I he tintl of lenulh is the 

lie at l.ire-J ti5 MiJiik in mcli ie tcrin^. meter {o\- metre); ilie tiiiit for mass is the 

• , I ^ , . . , . L:r;im; aiul the iitiit lor volume, the liter (or 

i h^-yj ]s no ne^Ll lor our senmHs to Aaii 

utrc|. lo iiiiVK NU (Ru . It l^ Well tv> learn 
the thfuc ha^ie units in eiMiihmatitMi with 
the prcfiNes //u7//. rr/.v/, and A/'A '. 



fi'',','.' mcarv. ! 



|-or praetieal [Mirp(^se^. tfie whole system 
ean Ix" Munmarixed a^ U^lloss-v: 



lor \hj (\inijreNN ael. There is iiotul 
]-'aaMMi lt» U'ei ihicy uiil aet. seitifii! a 
taree: d.ite tafi ye.a's ahead, [^euirinini: in 
LiiL- >a;!r I lie iiielrie eoinersion hill, 

S-:-iNv p.is>.-d in AiiL!u->: pr: by 

Li:i,aani' ^iis \.'!ea «.ok- in [lie Sen.ile. Mie 
M.'a-J vail 'iX' .-xpeeled lo \v>te for ihe 
eii.iiiea. .aui du' Preside at suppnKs ihc hiij. 

WTat ^i^ul!d doiK- m ihe fk-ld of edu- 
e.!:h 'n i.i > m i i kh 

1. I'eaeh t!ie [iK-[f":e sv-tciK hv il-elf so , • 
ih.:- ^■aelK•^^ and [\]p!^^ laarn [o think m m mni - 1 cmimicior fum 
d;i^ l-.!5Vjiiaaj.e o.f me.isur.'. Oo nol ir\ to '^'Oo m - 1 kilar-K-tcr (km) 
la.rn ..r i.aeli ihe n'a(r:e system throueh ^ ^ ^ , , , 
eonver-h^n problems, and d^' ni^[ Ir\ to Ukso ki: 1 nK-tik- ion 1 1 1 
L-arn .■on\ar^ior. i.ietors. I.L-arn iIk- metrie in.lk.ku^rs i mb - \ InvriU 
s;..;cn! r> .t^d!, MIInk mi iKir. , a,b:. dcanicu-r Mm , 

2. ( "'i mee ^lathema^^e^ aau! -eieriee iext- 

bu.'kN ^'.^ "ha^. matrix- uniN nf iiKMsnrL- ^ nulliliicr and the eubie ecniime'cr liave 

tfie s;iiiK- u^lume. I he leriii kili-liii-r is not 
r^'eetminended— it is equal lo a eiibie meter 
(m 1. -Aiiieh is meire easilv und!.'rsti>od ami 



a, Pjaf.^ro texd^ooks jre ehan^ieLi. eet 

maine \\ < a kf^t -v^ks f<M" e:ioh !a;ieher aiiii 

UscU. 

caehpapd, Then die .lam ean be le.irned M.^um^ts measure in millimeters; 

w::n --er. inde uuhMdnal e}]or.. t:-;,desmon me.snre in centimeters and 

Seieet vina n-ember of die laeiiltv t«^ meler>: elothini: sizes ;ire iziven in centl- 
i^-a die ir.a'aie ;unhoniv for ilie -ehook Mo meters. And ^ercater ieivetl^s are \n meVers 
e:!n aef die mformaliim anil malari.ils .nui kilomalcrs. Mass i^ measui'ed in iiiiili- 
neee^-.:r^ to en.iMe the sehoo] to (.o Mi l - i:r:un^. ^i:rams. and kilo!:r:ims by the clieriiist; 
:uo. L:ranis and: kiloiirams by the shopper; and 

kfioLjrairis and metric tons when hiriie 

qimmtias jre iina^Ued. (Mass is the 
lvr...f;..n..:-y.,niA,i,onllr.av^illsc,Kilhcn, ^,1,^,^^..,^ ,,^,,,,,( j. 

lu.rrair. cxphiin^ !hc m.irw sy.i.m. ^,.^^„,.^ ^utraclion for a i^ivcn 

rn^-.id.;s ,ni,.n,i.!,un on Mmrccs ot .•due- Gcnjrallv, the term '^,,mv is nv-:int 

l.-.n.i ,mU. :,.hI pi)b!,~!ics ncw^i.-ttcr ihai „.;,-,,/„. , Phvsiaans. pl,:,rnKi- 

v.ill k.vpth-m :,l.ri I.. n,.;rK- pi->,uiv-s ;>:kI ^.j^j^^ chemists. :.ikI Ixictcriolo^Kts use 

de-.clnpnv:,!. ,n the !e;,cl,in. n\ um. nf ^j^^^, ^^.^.^^^^ ,,,,,,,, ....^ti,,,,,,^. ami 



5. I- neon ra lie la.icfier- to neeonic mem- 



lifjr. (/on ^ 11 [Tiers v.vil{ make purchases of 
f\ leach tlu' metric vVsiam (n ail r-ros- e;i^o!ine and <'ther liquids in iiler^; larLie 
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mc;:siire nui their use. 
^. I each tlu' meiri 

jvj^-d.'.e tea-eb.ers. U^^v ihc eh.isvec the new qiumiilies will be sold by iiie eubie moler. 

.\Nf-am o.f nie.i-i;re i^ nut \u^\ a miidie- [iiroiiL:h e\eryda\' uses iIk' metric system 

ri'.M:^tn ^^icnee pr( Me'ct. c:in be learneLl in :\ short time. 



ri-AC-fiiNc; THi-: MF.rRic; svsrr.M: cuiimuiniis 



Iti conclusion, I repeat the rccotninonda- 
lion made by the former Secretary of Com- 
merce, Mr. Maurice li. Stans, that early 
priority he given to educatiiig every Ameri- 
can schoolchild and the public al large to 
think in Enetric terms. 



For the price of $3. the following ma- 
terials can he obtained from the Metric 
Association, 2004 A>h Street, \Vaukeg:m, 
IL 60()S5, a nonprofit organization in- 



terested in the dissemination of metric edu- 
cational materials and information: 

One 20 cm plnstic ruler 
Two 1.5 m phi Stic, flexible mcusoring. tapes 
Two uopios of .\faric UnUs af Mciisurc, a book- 
let 

One copy of Mt'iric .SuppU/ncfU /(' Science and 
Miithcniiitics, a workbook for use by liie 
teiichcr anJ the pupil 

One GO Mi.TKic bumper sticker 

One price list of metric CLluc:\tionat aids 

A copy of the last newsletter 

An annual membership in the Metric Associa- 
tion that includes a subscription to the 
quarterly newsletter 



o 
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Metric: not if, but how 



NCTM ;VII':TRIC I M pi. HMENTA nON COM MITT nil 



he metric system will soon become the 
major way by which we me,isu.e 

• the lieight a person, 

• the mass (weight) of a hamhiii L^cr. 

• the area of a carpet, 

• the room temperature at whieli we are 
comfortable. 

A metricaticMi bill is likely to be passed in 
the current session of the IJiiitetl States 
Coiiijjess the Senate passed a metrication 
bill in a previous session. Business and 
industry have already taken strides toward 
complete metrical icMi in an elTort to enhance 
their position in the world market. The 
automobile industry, for example, is pro- 
ducing engines and even c(^n^plele ;ivuo- 
mobiles to metric >pecilications. 

The metric system will be the major 
system used by students now in school 
throughout most o( their adult life. So 
schools are now begirming to teach metri- 
cation to all {Hipils. As mathematics 
educators, we have a responsibility for 
providing leadership and direction in metri- 
cation so that tliese young people will be 
competent in day-to-day lite with measure- 
ment in the metric system. We need to 
think carefully ab(Hit the implications for 
each level of schooling: 

What can be learned and lu^derstoc^d 
th()r(nigfily at tlie var.ous grade levels? 

What approach should he taken wi^h stu- 
dents who \vd\x some knowledge o^ hc\\\ 
the American^ and ni<;'.ric systems'.' 

What are the needs of students and of our 
colleagues in courses outside m;' he- 
matics in lu^me ecoiuMuics, science, 
industrial arts, or geography'.^ 



1. The term Anwncan. lathci than Hriush, iiv,cd 
hct.;»nst' the Brili>,h tKiv<' adoplcd (he mclnc sy^tcrti, 
the system ii^cd in the LJmicd States no lonuer 
the British SvMem. 



What responsibility does the mathematics 
education comnumity have for the educa- 
tion of parents, and for a idling the media 
or any others who [Mcsent metrication to 
the public'.^ 

The slogan of the National Council of 
Teachers of Mathematics is THINK 
METRIC, which emphasizes thinking in the 
metric system. What does it mean to think 
and to t^iuiction elfectively in any measure- 
ment system? 

General guidelines for teaching 
measurement 

It is imperative that we vise metrication 
as a means to putting new vigor in the 
teaching of measurement. Too often the 
study of measurement has consistetl only of 
written exercises on worksheets or pages 
from textbooks, with. maj(M' emphasis on 
conversions between units and on operations 
with so-culled "denominate ntmibers." The 
lack of attention to activities that encourage 
thinking and estimating in a measurement 
system lias meant that measurement lias 
l^een viewed as dry and dull by pupils and 
that our instruction is not adequate for the 
students' real needs. What, then, slu)uld 
guide us in planning a sequence of activities 
that will put new life in thesaidy of measure- 
ment and assure that major ideas are 
taught and learned? 

K Cliaosc cm appropriate unit of measure 
and use it to measure u variety of ohjecn. 
The most important component of thinking 
in any measurement system is u thorough 
understanding of the tir^it used most often. 
In the American system, the initial major 
unit probably is the foot; in the metric 
system. It is likely the meter or centimeter. 
Repeated experiences with the basic unit 
should lead to estimation of lengths with no 
more than about ten percent error. 
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To highlight the nature of the ivicasiiring 
process, and to emphasize the arbitrary 
nature of standard units, it is advisable to 
begin with a nonstandard unit. For length, 
straws, pencils, or paste sticks are readily 
available and easily used. From such exper- 
ience a standard unit, such as a meter, can 
be made from string or cardboard and used 
by pupils with a double goal learning 
about measuring length and learning the 
meter as a unit. 

The unit chosen should be appropriate to 
the size of the object measured. Vou would 
not use a kilometer to measure the length 
of a room, nor would you use a millimeter; 
you would likely use a meter. 

2. Use niullipli'S of the basic unit, as ihc 
need arises for a larger unit, and subdivisions 
of the basic unit, nlurc snuillcr units arc 
needed. By referring larger and smaller 
units back to the basic unit, which is well 
known, estimation of larger and smaller 
units is easier. Furthermore the construction 
of a measuring system becon:es more 
evident. 

Limitation of the number of larger and 
smaller units taught makes the learning 
goals more realistic and more manageable. 
The goal of thorough learning of a few 
larger and smaller units is nui::h preferred 
to mere acquaintance wUh many difi'erent 
units. 

3. Li/nit expectations of nuistery of con- 
versions wiihin a measuring system to 
conufionly used units adjacent in size. 
In the Anierican system, feet are usually 
rehued to miles, and inches are related to 
feet; but not inches to miles. In metric, 
centimeters are usually related to meters, 
millimeters to centimeters; but very little is 
done in relating millimeters to meters. 

4. Use the approximate nature of the 
measuring process in the physical world as a 
theme. Helping children to give measure- 
ments using language such as **more than 
2 meters but less than 3 meters** and "a 
little more than a kilogram" provides 
experience with approximation. It also 
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points to the needs for smaller units aiul 
fractitMial numbers. 

5. Use measurement as motivation for 
fractions, for decitjuils, and for aritlunetic. 
There is no source oC applications o( 
arithmetic c[uite comparable to those that 
arise from measurement. An active measure- 
ment prtigram provides a needed stimulus 
for learning many topics in arithmetic that 
are ctnisidcrcd important to teach, 

6, Use the actual units as often as possible: 
avoid (he scaled-down versions of ten found in 
textbooks or worksheets, it is folly Ko try 
to teach the nieter by drawing a scale vcrsitMi 
of it. Students have great trouble in respond- 
ing to measurement qucstit^is and estimates 
using such "distorted" representations. The 
time for scaled drawings is nuich later, 
after the initial units are well learned and 
well understood. 

No matter whether it is the American or 
the metric system, a sense of active involve- 
me... is essential. New life will emerge (vom 
measurement if simple relationships are 
emphasized, more estimation is done, and 
the process is directly taught especially at 
an early age. The flavor of '*hands-on" 
experience is much more important than 
anything else. Creative and interesting 
activities can be developed and can be used 
in the full range of management schemes 
from whole-class to independent work. 

Specific guides for teaching the 
metric system 

With an active point of view about 
measurement in general, what guides should 
be used specifically for teaching metric? 

1, /// (he clcfncfttary school, teach tnetric 
and American systetfis as dual systems. 
This means that the major emphasis is on 
teaching the metric system in itself, with 
relatively little attention to the relation of 
units between the two systems; we want to 
ericourage thinking within a system. 

The need for American tmits in everyday 
affairs is likely to persist for some time after 
the adoption of metric units. Even tht^ugh 
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Betty Crocker is in the process of changing 
measures in recipes to metric, many old 
but goou cookbooks will slill be arotind! 
Wher. we do become fully metric four to 
eight years from now wc shall be able lo 
phase out the teaching of the American 
system. 

2. Bci^in w'iih the tnctric system. The 
major adult usage by our present-day pupils 
will be metric. By teaching it first, we slunv 
its importance and we provide the needed 
framework for its eventual emergence as 
the only system. Further, we avoid the 
tendency to overstress conversion. 

3. For childrcfi in the middle and upper 
grades, hc^in mcdsiircnicm w ith the meter as 
the hasie unit. For ehildren (it (he primary 
leceL ^vho have tronhle handlini^ so lari^e u 
unit^ bej^in with the eenti meter, or with a unit 
of 10 eentimeters. The 10-cenli meter unit 
serves the needs of young children and is 
neither too large nor too small for them 
to handle. The name /O eentimeters can 
help in counting by tens. 

For mass (weight) the basic imit is the 
kilogram; and for volume, the liter. These 
units should be learned initially, before 
studying multiples and subdivisions of them. 

4. Teaeh only the eommonly used muliiples 
and suhdi visions, and their correspondifi^ 
prefixes. Such an approach minimizes the 
number of prefixes and units a pupil is 
required to learn. The units shown in table 1 
are suOicient through grade 6. Note that 
the prefixes deka and heeto are not included 
because of their rare use. Devi is used more 
often than deka or jieeto. but it is less used 
than eenti or milli\ hence it is omitted. 

A few other prehxes are needed in more 
advanced science courses; for example, 
milligram for weight in medicine. Such 

Table 1 

Lcnyth Massivvci^hi) Capacity 

kilometer (km) kilogram (kg) 

meter (m) grani(g) liter (1) 

ceiuimeter (cm) 

millitneter (mm) niiililiter ( ml) 
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specialized uses should be left to the science 
courses and taught there. 

Language tisage should be natural and 
unforced. Teachers should try to use the 
language and symbols correctly, however. 
Pupils will not use periods behind symbols 
for the units if the teacher uses no periods. 

5. For pupils who already know both 
me trie and Ameriean systems^ and for 
parents, approximate conversions can be 
made. Activities involving approximate eon- 
versions might be deliberately planned for 
pupils in the upper grades. Students should 
be taught approximate equivalents that 
allow then) to estimate i/i either systen), 
given a measure in the other. 

The following list is suggested: 

/ kilogram is a little nu)re than 2 pounds 
I meter is a little more than I yard 
I kilometer is a little more than I 2 mile 
I filer is a liulc more than I quan 

There is, however, almost no need for any 
paper-pencil conversions between metric 
and American. It is important that the 
emphasis be on understanding the two 
systems, and that the arithmetic of con- 
versi(Tns be minimal. 

(j'rade plaeemenf of metrie topies 

The question arises directly, what should 
be the placement of metric topics? One 
suggestion on placement is the following: 

Meter and eentirneter can be introduced at 
the primary level and reinforced at all 
subsequent levels. The initial work should 
be done to emphasize estimation with 
the basic unit. 

lenth of a centimeter the millimeter c-m 
be the iO];)\c for middle and upper grades. 
Decimal notation will be helpful. 

Weight, which is more dilTicult to estimate 
and so requires more maturity on the 
part of students, may be introduced in 
upper primary, first using the kilogram. 
The gram can appear in the middle 
grades. 

Capacity or volume, using the liter as the 
first unit, can be introduced in the upper 
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primary, with the milliliter - also called a 
cubic centimeter - appearing in the middle 
grades. 

Celsius tcn^pcralure can be inirodiiced at 
any level. 

Much of the current material on today's 
market does not deal with the really 
signitlcani concepts of the metric system and 
measurement. Rather, it tends to be a series 
of paper-pencil activities using the gamut 
of metric notions, without regard for the 
principles of estimation and measurement, 
or for the components of the metric system 
that our students will lind necessary. For 
example, present-day metric materials often 
ask students to perform complicated and 
useless conversions within the metric system 
itself changing mm to m. km to dm. or 
mm to dm. Just as useless are exercises 
requiring addition of unlike iu\its such as 
dm and m. Rarely are units mixed in a 
metric problem. Instead of using 3 dm 5 cm, 
the measure would be given as 35 cm. 
Instead of 3 ni 22 cm, we would say 322 cm 
or 3.22 m. Poor instructional materials 
make the metric system seeni con\plicated 
for children when it is relatively easy. Such 
materials should be screened and not 
purchased. 

Metrication in the cofmniinity 

Schools should be expected to help 
parents understand the metric system. 
Parents will want informalitvi on what their 
children are being taught so they can provide 
reinforcement at home. School people in 
general, and mathematics educators in 
particular, should take the initiative in 
presenting metrication to the community. 
Let us not make the mistake of waiting for 
parents to demand it. It is our responsibility. 
Creative teachers CLm prepare single-concept 
handouts to send home periodically lo 
the parents. Perhaps a metric newsietler 
can be developed with tcLieher and student 
input. Libraries could prepare di^^plays of 
metric materials. For some school districts 
there is the possibility of developing parent 
workshops as an activity of the parent- 
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teacher organization, Metric edtieation is 
our responsibility and we have the equal 
tasks of working with our students and 
vvith our comnumity. 

Conclusions 

Our goal of metrication in the school 
program is realistic. The amount of new 
knowledge required is actually quite small. 
Success for the mathematics education 
community in making the change will 
depend on how well we follow guidelines 
such as those given here. It will depend on 
the degree to which we prcn'ide appropriate 
experiences for maximum de\'elopm(MU of 
student understanding. 

In summary, these are the guidelines; 
Teach students to THINK .MLTRIC. 
Concentrate on those units necessary from 

the lUilitarian standpoint. 
Develop meaning and feeling for imits 
throtigh experiences centering aroiUid 
estimating, and checking of the esti- 
mates. 

Minimize conversions. Do not immerse 
stuelents in the UKMass of computing 
conversions between the metric and 
.American systems nor even within the 
metric systeni itself. 

Use nietric tmits at every opporttmity. This 
includes tise in other subject-matter 
fields. Llementary teachers ■- use them 
throughoiu the day. Secondary teachers 
teach metric exclusively and provide 
inservice materials f(M- your colleagues in 
other subject areas. 

MFTRICA'ITON IS UPON US. W IS 
NOT If\ BUT HOW. 

\C rM Metric Inipicnicntution 
Coniniittcc 

Boyd Henry. CiiLiirnian 
Stuart A. Clnmtc 
Donald Mil 
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TThcrc is no clouhl that the metric svstLMii 
is rapidly beccMiiinu the slLinchird system 
of measures for the entire workl. Over 
ninety percent of the countries have al- 
ready adopted the system. Fiver. FnL'hmd, 
tYom whom we inherited our customar\' 
system of weiiihts and measures, is more 
than halfway through its o^\n ten-year pro- 
gram of et)n\"ersion. 

The main fact omergitu' from tlie recent 
study of the NaliiMKil Bun.iu of Standa^d^ 
is that conversion is ineviiable — the only 
questions are when, and A'< u'. The recop!- 
mended when is : t the end of ten year.>» 
thus prcniding time to phm for and mahe 
the change, The how ean be answered 
twc^fold: 

1 . Constant exposure to the metric sys- 
tem through advertisemejit, con\'ersation, 
relabehng of all commercial goods, along 
with a continual phaseout the customary 
system. 

2. Proper cducalional programs of in- 
struction on fcKir different levels from prc- 
schoti] through high schcn^l. 

Since the British are still in the process 
of convcrsi(^n, a ccMiipletc report on the 
educational aspects of British metrication 
is not available. We do knmv that from the 
beginning the British counted quite heavily 
the education svstem to make metrica- 

EMC 



tion a smooth, gradu;il process, f^ngllsh 
students who are now entering the ele- 
mentary grades are learning to think in 
metric terms as naturally as their parents 
thought in terms of inches and pounds. 
Students in the higher grades arc success- 
fully breaking the habit of thinking in the 
old terms. The book publishers and edu- 
cational equipment suppliers are well ahead 
in production to confc^rm to the metric sys- 
tem. Teach CIS are being trained in special 
courses to teach the system elTeetivcly, 

The proper education of students, using 
a master plan that in\'olves all grades, is 
the most important factor for a successful 
con\ersion. An educational survey, con- 
ducted as part of the U.S. Metric Study, 
showed that changing te.xt books and equip- 
ment would cost about S 1 billion. If these 
changes were made for no other purpose 
than for conversion, then the expense could 
be tabbed wholly to metrication. The fact 
is, hcnvever, that most textbooks are re- 
placed after a few years of use. The bulk 
of the expense of conversion can be ab- 
sorbed with rcgidar revisions that provide 
a planned exposure to the metric system. 

Most educators agree that learning the 
metric system is quite easy. The simplicity 
of metric tables leads to the assertion that 
the metric system can he learned in just one 
hour, and continual work at applications 
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would mnkc ihe systcMn coniplcicly second 
nature at die end (M' one year. Young peo- 
ple arc riK^re receptive to the sNstcm than 
their elders are. In fact, partly due to tiie 
psychoiouical ctTeet of a totally new system 
based on ten, the siow^ learner learns tiie 
metric system mc>re rcadil}' than he learns 
the customary system. In the HnL^lisii sys- 
tem, there are more terms to learn: inch, 
joot. yard, mile, acre, ounce, potnui, ton, 
pint, ((UiU't, i^allon, peck, bushel, dozen, and 
\iross. In the metric system, a child needs to 
learn only eight terms: nwter, liter, and 
i>ra)fi: the prefixes //;////-, centi-, mid kilo-, 
and hectare and metric ti)n. 

Once metrication has been given the 
green light, the metric system can become 
an integral part of the mathematics cur- 
riculum for each of the grades. The ap- 
proach to the metric system will need to be 
adapted to the various grade levels. 

Preschool 

Up to age fne, children should he ex- 
posed to the metric system as a standard 
system i)f ?neasurement, even though their 
parents will still be using the English sys- 
tem for everyday, practical purposes. The 
family should help children realize that one 
system of measures is on the way in, and 
the tuher is on the way out. Children 
should he encouraged to use metric units. 
Educational programs would help the pre- 
schooler realize that what he is learning is 
extremely useful in everyday life. Educa- 
tional toys and planned television programs 
could be beneficial. 

Kindergarten 

At this age. children arc exposed to the 
idea of size — large versus small, tall versus 
short, and heavy versus light. Students 
should learn to associate the basic units 
with familiar objects: the meter as some- 
thing that is slightly taller, or shorter, than 
they are: a decimeter as long as, say. a 
sharpened pencil; and a liter of water as 
about the same amount as a quart of 
water, and weighing about the same as a 
O book like a dictionarv. 
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First grade 

.Addition and subtraction can be taught 
using the meter stick as a number line. The 
introduction of the fraction Vz should be 
accompanied by the introduction of the 
millimeter as a part of the centimeter. 
Students should be taught that ^2 is ccjuiv- 
alent to and "'"lun. Tlicy should ex- 
amine two ditTercnt containers of ' 2 -Href 
capacity, but of diflercnt shape, and find 
that both e:m be used t(^ fill a 1 -liter con- 
tainer. 

Second grade 

Students at this level learn about mak- 
ing change, inequalities, and large nuniber.s. 
The teacher can show the relationship be- 
tween terms — how cent is related to centi: 
how mill is related to niilli. The concepts 
o{ more ihan and less than can be illus- 
trated: thirteen centimeters is more than 
one decimeter. One dime is less than $0.13. 
Students should learn that there arc 100 
centimeters in I meter. 100 millimeters in 
1 decimeter, 100 decimeters in I deka- 
meter, and so on. Groupings of 100 to 
ftirm 1000. and groupings of 10 to form 
1000 can be studied with the help of the 
metric tools. 

Normally at this stage, fractions such as 
\, and are studied. In the 

study of metric measurenient, these arc 
passed over. Students will learn the tenths 
instead — ^ - j ,,. o. and so on. 

Third grade 

Sums up to 100 can be associated with 
the meter stick. For example: How many 
decimeters and how many centimeters 
should be added to reach the 95 on the 
meter stick? The introduction of the Celsius 
thermometer, with 0 degrees freezing and 
1 00 degrees boiling, provides further oppor- 
tunities for additions up to 100. Concepts 
of larger numbers can be introduced with 
the number of millimeters in a meter. The 
degree of error can be introduced with the 
idea of the nearest half centimeter. This 
ties in with inequalities on the meter stick. 
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Witli tlic introduction of area and volume, 
studcnls learn the terms stjiuiyc and cube, 
and they slioiikl bo taught estimation. For 
example: How many squares one meter 
long on each side do you think will cover 
this lloor? Or, How many liters of water 
do you think it will take to fill this tank? 
F-'oreign road maps can be vised for the 
introduction (^f the kilometer and the 
hectare. By this time in tlieir academic 
career, students should be well aware of 
the importance that ten has in e\'eryday 
life, as well as in all mathematics. 

Fourth grade 

Averages of metric measures can be 
found. It is important thai equivalence be 
learned thorougiily. Students slitnild know 
that 97 cm the meter stick means "''imi 
meter, or ^) ' (^lecimcters, or 97 centi- 
meters, or 970 millimeters, and what nui^t 
be added to each of these to obtain the 
ctjuivalcnt of one meter. Tlie process of 
finding the least ccmimcm denominator for 
the purposes of measurement is practically 
trivial. Weights are tauglit Lit this level, and 
the gram should be learned in association 
with such things as a small piece of chalk. 
The kilogram can be illustrated with a 
heavy book and, possibly, in association 
with capacity — the relalicMi of a kilogram 
to a liter of water, [decimals can be taught 
entirely by the metric system. Common 
fractions can also be rch\tcd to the metric 
system. The example 9 ni - 7 dm • 33 cm 
can also be expressed as •' I - "m ' 'Snn- 
This example, of cinuse, can be changed 
entirely to nicters. decimeters, or centi- 
meters. There is no ciMifusion witfi the least 
common denominator as there wcnild be 
with the customary system. The relation- 
ship between the shifting of the decimal 
point and the correspc^ndi(^g fractioi^ should 
be evident. 

Fifth grade 

For further practice at this leveK students 
will be exposed to more dilVicult materia). 
The terminology of the metric system 
should be implemented as much as pc^s- 
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sible. Problems in multiplication and di- 
vision in measurement can be studied al 
this time. A typical example in multi- 
plication might be 

(6.5)(I m 7 dm 2 em) (6.5){1.72 m) 
- I 1 . 1 S m 

Of course, finding the clecimal ecjuivalent 
of a measure nuist be leariKxl. Manipula- 
tion of measures becomes easier for stu- 
dents because there is less mechanical 
work . 

Sixth grade 

Time, rate, and distance prc^blems with 
metric units are not usually taught until a 
ph>sies ecunse is taken. However, with the 
national changeover to uKUric, il^is is 
brought clown to the knver grades, which 
gi^es more time for other things in physics. 
The use of the metric system can facilitate 
the more complicated inequalities with frac- 
tions, especially in area, \olume, and per- 
imeter. The liter should be studied niore 
carefully, with applications in both capacity 
and weight — a tub that is i meter by 1 
meter by 1 meter will take 1 ()()() liters to fill 
it, and each liter of water weighs 1 kilogram. 
An experiment with several students using a 
seesaw is a way to show comparisons. The 
intrc^ducti on of percenls, with further work 
in the degree of error, can be taught using 
centimeters. 

The metric stvitl\' in the sixth grade 
should also include a film documentary on 
the history of the system and its worlciwide 
use. witfi examples in commerce and in- 
dustry. 

Junior high school 

Students should know what a square 
centiuK'ter l(H)ks like and that 100 square 
Centimeters C(ners an area equal to 1 square 
decimeter ( 100 cnr' — I dnr'), and so on. 
They should be somewhat familiar with the 
notation cnr'. Fiactional parts of square 
units should be taught. For example. 1/2 
em- may be a rectangle that is ! centimeter 
in length and 5 millimeters in width, with 
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an area ccjiial 50 square millimeters. 
After such simple ideas are learned, stu- 
dent.s should liavc no dilljcuhy in finding 
the area of any simple geometrical figure 
using fractions or decimals. 

In the first year of junior high schcml, 
the student siiouid have plenty of practice 
in applying his knowledge of linear meas- 
ure to the formulas. Vc^lume and its rela- 
tionship to weight are studied in the sec- 
ond year. Students should he shown models 
of cubes, cylinders, and the like for help in 
visual perception. The us<' of metric units 
in (he formulas should m.. he a prciblem; 
but. again, notation needs to be explained. 
"I'hc notatiiMi for cubic centimeters is cm\ 
A volume of 12 cm' i.s equivalent to a 
rectangular solid I centimeter by 1 centi- 
meter hy 5 millimelers. As in area, work 
with fractions [uul decimals in vc^lume is 
important, and not ditlicult, as long as the 
students know all the com[)cinents of linear 
measure. 

In working with volume and capacity, 
the basic iliing to know is ihut 1 Wicv con- 
tains I ()()() cubic centimeters ( 1 / 1000 
cm"). All expansions of capacity into 
meters or cubic meters, or reductions of 
capacity into millimeters or cubic milli- 
meters, can be done easily. More work 
with inequalities can be pnnided. For ex- 
ample: 

Cofupiac will} >, <. or ■= ; 
.001 liter . 1 cubic centimeter 

The laboratory approach would be an ob- 
vious aid in this type of instruction. 

The third year of the junior fiigh should 
be given to more dilficult applications of 
all previous work with the metric system. 
The only new topic that needs to be ccn- 
ered is scientific notation. 

Senior high school 

The metric sy.stem is taught in the tradi- 
tional way in high school science classes. 
Work with the metric system can be con- 
tinued in c(Kirses hke geometry and tri- 
gonometry, with applications to problems 
^•"Mving measurement. 
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There are two important points to make 
clear: 

1. The metric system should be taught as 
a primary language, 

2. Conversion manipulation should not be 
used at all. 

The model program outlined here is 
designed for the graduated exposure of 
student.s to the metric .system. The exclu- 
sive use of the metric system will reduce 
the need for common fractions and. thus, 
the time given to teaching fractions. Esti- 
mates vary, but mathematics teachers say 
that in the elementary schools fifteen to 
twenty-five percent of class time is spent 
teaching the details of adding, subtracting, 
multiplying, and dividing common frac- 
tions. They believe that much of this is un- 
necessary. .As Lee Edson pointed out in 
AnicrU'dn Education^ if the metric system, 
with its simpler decimal relationships, were 
taught, teachers could quickly and easily 
give their pupils the basic principles of 
fractiims and then continue to other aspects 
of mathematics. 

There is no doubt that the schools are 
the key to complete metrication. Few 
adults who have li\ed with the inch-pound 
system ail tfieir li\es will ever completely 
learn to think mktric. but ciiildrcn who 
are introduced tci the system when they 
.start school, and cvefi befcu'e. will always 

TUiNK MKTRIC. 

During the period i^f metrication, not 
all se}K)ol ciiildrcn will be exposed io the 
metric system in the same maimer. There 
are four categories cif exposure; 

1. Basic, for the preschooler and grades 
one and two. 

2. Lower inicrtncdiaw, for grades three, 
four, and hve. 

3. Upper b]tcrmcdiatc, for grades six. 
se\en. eight, and nine. 

4. Advanced, for applications in the physi- 
cal sciences, such as chemistry and 
physics. 

I^ible ! is a chart of how the categories 
might be distributed for the successive 
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Table 1 

Programmed conversion chart 

Year of nietricatioti 
1*2 3 4 5 6 7 8 9 10 



Kindergarten 


n 


B 


B 


B B 


B 


B 


U 


B 


B 


First gfculc 


B 


B 


B 


B B 


B 


B 


B 


B 


B 


Second grade 


B 


B 


B 


B [] 


B 


B 


B 


B 


B 


Third grade 


50' ; B 

50''; I. 


25' ; B 

75' ; L 


L 


I. L 


L 


I. 


I. 


L 


1. 


Fouth ijrade 


50'': B 

50'; I. 


30' ; B 

70' ; I 


25' ; B 

75'; I. 


L I. 


I.. 


L 


L 


L 


I. 


Fifth grade 


50' , B 
50' ; L 


40' ,B 
60' ; L 


25<;b 
75' ;l 


L L 


L 


L 


I. 


L 


L 


Sixth grade and plus 


-io< ;b 
60' ;l 


25' ;b 
75'; I. 


75' ; L 
25' ; u 


50' ; u 25''; \. 
50' ;u 75'-; u 


U 


U 


U 


U 


U 



B = B.isic 

L ~- I,o'.\ cr iiucriiicdi.iic 
I' " Upper intcrniodiatL- 



years of conversion. For example, if n 
student entered the seventh grade during 
the initial year of eonversion, what would 
he study? For the first two years he would 
be instructed in the basic and lower-inter- 
mediate phases. When he had the appro- 
priate competence, the upper-intermediate 
phase would follow. Since all of this is pre- 
sumably new to the student, it is important 
that no mention of the English system, 
for comparison or conversion, be made. 
With much applied use, the student will 
see the simple relationships for himself 
and make the necessary mental conver- 
sions. 

To help students in their learning, the 
metric system should always be in evi- 
dence — displays in the classroom can in- 
clude such things as foreign road maps; 
i6-mm and 35-mm strips of film; cultured 
pearls; military shell casings; wall charts, 
like those distributed by the Department of 
Commerce; snow skis; and of course, a 
complete set of the standards of the units 
of measurement of the metric system. 

TTicre is no doubt that the change to the 
metric system is an enormous undertaking 



But neither is there any doubt about the 
benefits that will result. The physical as- 
pects of converting — changes in industry 
and the like — can be described in dollars 
and cents, but mental conversion cannot 
be measured. There will always be the 
unconvinced people who feci that the 
present system is perfect and that perfec- 
tion should not be tampered with. It is 
generally true that nenrly all of us proceed 
on the assumption that whatever is, is 
right. This is probably the major reason 
why .'Xmerica has been afraid of metrica- 
tion. Many people, in the United States 
and around the world, want this problem 
overcome, and the way to do it is through 
education. 
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Metric curriculum: scope, 
sequence, and guidelines 



M A R I L Y N N. S U V DA M 



TThc metric systcni is /iktcIv h systom of 
mcasurcniLMit iIku re places another system 
of mcasurciiKMit. However, metrication 
provides the opportunity to: (1) reevalu- 
ate the measuren^ent component of the 
niatheniaties curriculum; (2) reconsider 
what \vc know from experience ;incl from 
research about how children learn mea- 
surement concepts; and (3) restructure 
the curricuhan and modify inslructional 
practices. The scope and sccjuence sugecs- 
tions and the guidelines that follow^ are 
not exhaustive; they are intended to call 
attention to some of the imncrtant factors 
to keep in mind when planning a [irogram. 



Scope and sequence suggestions 

Primary level 

I. Develop the basic prerequisite skills 
and understandings about measurement 
by having the student — 
a. Match, sort, and compare objects — 

long. short, heavy/light, large/small, and 

so on . 

h. Ma'.e direct comparisons of two ob- 
jects by placing them next to each other 
to determine which is longer or shorter, 
heavier C)r lighter, hirger or snKiller, lukI 
so on. 

c. C'omfnire three objects, developing 
the idea of transitivity (that is, if A is 



AJiiptcd from rn;aori:ils published anel copy- 
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shorter than B and B is shorter than C, then 
A is shorter than C ). 

(/. PInce several objects in order, from 
longest to shortest, heaviest to lightest, and 
so on. 

t', Make direct comparisons by using a 
third, laiger unit to describe the compari- 
scMis. For instance, give the child three 
sticks, Have him tell the length of the first 
and second sticks in terms of the length of 
the third stick. 

/. Combine lengths, masses, and vol- 
lunes. using physical objects. For instance, 
put the water from four glasses into one 
ctintainer, or put two desks together. 

1,'. Transform objects for comparison, 
;ipplying the idea of conservation (that no 
length, mass, or volume is lost in the 
process). For instance, pour sand that is 
in twt) dilTerently shaped containers into 
twt) similar containers. 

//. Compare by iteration — placing ob- 
jects end to end a number of times, pour- 
ing over and over, and so on. This relates 
measurement to a process of counting. 

/. Use metric measure:; in ''play" activi- 
ties. Metric measures and terms should 
he used in everyday expenenccs. although 
the metric system itself is not under dis- 
cussion. Metric terms should be used, for 
instance, when recording temperatures on 
a daily calendar or marking heights of 
pupils on a wall hanging. 

2. Extend the concept of measurement by 
using nonstandard (arbitrary) units. 
a. Use varying units. For instance, give 

each student a diflerent length of string; 
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)kivc llic sUkIlmm nio;i.siirc an object and 
report his measiirrs in terms of that length. 
Develi^p the reas(^n iov using a eommon 
measure — C(Mnmunic;ition with others. 

/). Ha\e the ehiss ehcn^se an appropriate 
(coniiiuMi) unit antl use it tc^ make indirect 
comparisons. Measure a \ ariety of ol^jects: 
u^Mig John's i'ocH as the unit, have each 
child make copy (nuulel ) of the length 
of John^s fool and use it to measure the 
room Liesks. and so on. !-\en when a 
comnKMi unit is used, tiicir measures \ 
probably nol all agree; discuss the approXi 
mateness of theii* measuremenls. 

c. Measure between limits. re[Torting 
the nieasurements as ■'between 2 and 3 
units/' for example. 

(I. As the need arises for a larger unit, 
use multiples of the basic unit; subilivide 
the basic unit when smaller units will facili- 
tate more accurate measurement. (Since 
we ha\'e a decimal system of numeration 
based on nmvcrs of 10. it follows that for 
ease o\' calculaiitMi the subdivision of the 
units shtnild alsti be based on 10. Measurc- 
nieni with tlic metric system can thus be 
iniegrutcLl with mhcr topics in the curric- 
ulimi. ) 

Develop the idea that i\ c(^nirnon 
standarLl unit is needed for communication 
Willi others outside the one chissn^^im. 

3. Ma\ing established the backgrtnmd \\n 
de\e loping a decimal standard system 
of measurement, gradually introduce the 
various standard units of the metric 
system and the instruments used io 
measure in these units. {This listing is 
general; many specifics must be adil'^d.) 

a. The meter and centimeter shouki 
profnibly be introdaccLi first. The chikl 
should have practice in measuring to the 
nearest centimeter with the ruler and meter 
stick. He needs to be taught how to hold 
the ruler to make careful measurements 
and how io draw lines that reflect careful 
ineasinvmcnt. ( I hc chikl needs similar in- 
struction (Ml how to use (ithcr measuring 
instruments. ) 

h. After some practice in nicasurinu, 

O 
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the jHipil should learn ti^ L^'mate metric 
lengths. Begin with gi"oss comparisons ("Is 
a meter about the length of the school 
building or about the length of the book- 
ease?"), then develop fmcr ones ("About 
iunv man\' meters long is the rocim?"). 

r. Discuss the need to use appropriate 
nicasurcmcnt units — centimeters to mea- 
sure the wiilth of a book, meters to measure 
the length of a room, kilometers tt. mea- 
sure the liistancc l)etwcen two cities. 

(/ Begin to lievclop the relationship of 
the metric system to the numeration system. 
For instance, explore counting on a metric 
ruler and on the meter stick; note the 
1-10-1 01) correspondence. 

l^rovide activities in weighing with a 
Ixilanec. first using the kilogram, since it is 
easier to handle than the gram weight. 
(Weight is a more Llillicult concept ac- 
eoriling to reseaieh and is ukmc dillicult 
to estimate. ) 

/. Introduce the liter as a unit for mea- 
suring N'olume. 

Develop time conccfUs related to the 
hour and minute. 

Il Use the C'elsius thermometer in 
e\er_\'Llay situations, ha\ing the child read 
record temperature. 

hucniiediaic level 

1. De\elop the relationships between the 
prefixes, stressing the relationship to the 
decimal numeration system. Use decimal 
ncMatitMi. (The most of: mi used prefixes 
are milli. centi. deci. and kik\ ) 

2. Introduce the symbols for the metric 
units as tiic unit is introduced: m. dm. cm, 
mm. km. g. kg. I . ml. 

3. Teach the relaticinships among mea- 
sures. Vox instance, for length, develop 
such relationships as — 



Ccmphasis should 
he placed on 
these four) 



10 


mm - 


1 cm 


1(10 


mrn 


I dm 


!()()() 


mm — 


1 m- 


\o 


\:\y\ 


\ dm 


100 


cm = 


1 m- 


1 000 


m ^ 


1 km 



ti-:ac.-iing Tin- Nti- rfuc svsthm: guidhi.ini-s 



LiilLT iciich such rchilionships ns— 

1 mm 0.1 L-m 0.00! ni 
I cm - 0.0 1 (11 
1 m - 0.001 km 

4. Mc;isiirc tfic nearest millimctcf; to 
(ho nearest milliliter; to the nearest grain. 
(Jn the eicmentary school, the tlistinction 
between mass and weiuht can he noted, luit 
tiic icrm "uciiiht" will probably be used. 
Mass is sometimes thouiiht of as the 
anunmt of material is an object. Weiiiht 
is the measure o\ gravitational force on a 
mass and varies with the location of the 
mass (object). The ueiiilu of an astronaut 
on the nunin is less than his ueiiiht on the 
earth hecaiise (he force of eravit\' is less 
on the moon; he ma\' be wciiihtlcss \\^ a 
space >tation. His mass, however, is the 
same in all three places. We have been so 
aceiisK^med to using the term "weight'' in- 
correctly that it will still [irc^babl}' be used 
in cases where the correct term is "mass." 

5. Develop understanding of rectangu- 
lar solids — 1 liter 1 cubic decimeter 
(dm ) -= 1 000 cubic centimeters (cni'). 

6. C.\)n\crt from on^ metric nicasLue to 
anollicr, stressing the relationship to the 
numeration system ( 1 0- 1 00- 1 000) . De- 
velop the ability to coin'crt mentally. 

7. Introi^luce addition and subtraction 
with common measures. C/ompare with re- 
grouping in addition and subtraction aU 
g(^rithms. Later use multiplication and 
divisiofi with measures. 

S. Develop angle measures ( ^hich are 
the same in both juelric ajul customary 
systems ) . 

9, Work with metric unil^ in problems 
on perimetei", area, circumference and aiea 
of circles, \()lume. time, temperature, and 
so on. 

10. Develop understanding of the rela- 
tionsfiips afuong imits for length, vx^lufue, 
and mass. 

Jj. Develop the id. a of accuracy and 
precision of measurements and of signili- 
cani digits. 

12. H.\tend time concepts and tempera- 
ture ideas. 
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13. Discuss the history of measurement, 
presenting selected aspects to indicate iiow 
\aried systems of nieasurenicnt developed 
(including but not limited to the customary 
system of measurement). 

Stronddry Uuul adull) level 

1 . Units iov such quantities as force, 
jM'cssure, work, jxnvcr, and electricity 
should be presented in science and voca- 
tional education courses as the need arises, 

2. (fcnerallv, tlie proble/ns at the junior 
and senior hiiih scIkkiI IcncIs will not be 
much dilTercnt from those at the adult 
level. The \ery things that will be taught 
to the elementary school child will also 
liave to be presented to the older student 
and to the adult. More e.\ tensive develo(v 
inent of tlie metric systeiu will be needed 
\n some classes — for example, in scienr^e — 
than in others. .Metric units can be pre- 
:ented with limited reference to or com- 
\). rison with a few customary units. l"he 
emphasis should be on making actual mea- 
surements witli metric instruments. No 
problems should be presented that involve 
coiucrsioiis from customary to metric 
units ov vice \ ersa. The decimal nature of 
the system should be stressed in realistic 
problem settings ; comparisons to the moii- 
etar}' system may he particularly helpful, 
rile workshop approach, in which the 
St Lid cut actually makes all types cif mea- 
surements with metric instruments, is hiiihly 
feasible mid desirable. 

Guidelines for leaching measurement 
with the metric system 

1 . riic focus of instruction should be on 
measurement, with the riieiric system e\'ol\'- 
ing and taking its role as the standard 
^yslem of measureiuent. 

2. Before children can understand the 
metric system or any other system of mea- 
surement, they must have experiences in 
measuring. They must understand v.liat 
nieasurenicnt is. Some prerequisite skills 
and understandings are essential before f///y 
standard measures arc used. 
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3. After prcrcqiiisiic kncnvlccigc :ind 
skills afo iittainoLl, nonstandard measures 
.>hould he used to develop the eoneept of 
why a standard system of 'neasurement is 
needed, as well as to extend the concepts 
of what measuring means antl of how 
things ciu\ be tneasurcJ in varitnis ways/ 
(Only ufien the child unLiers!:inLls how 
arbitrary the eiioice of a unit actually is 
will he realize the in^.povlaiK'C of stan- 
-lardi/alion in iiieasurL-nieni :-.iu( appi'cciate 
that the history of measurcmci is e.s.scn- 
lially a struggle (or standard- '. uiun. ) 

4. "I'hc h)gic nf usiny a r; . .'surcfiicrU 
system based on ten — to C(^rrjN[\MUl with 
our numeralion s\slenv— i>. thM lIcvcI- 
I'ped. and the metric s\.stcm is inl roLluced. 

5. ik'gin with linear iiicasures. because 
the metric uniis of length are the basic 
units from which the units of mass and 
volume tire derived, l-oi' ciiiidri-n ii". :hc 
intermediate grades, bcgifi ^-vidi the meter 
as the basic unit: for smaller children ^^ho 
may ha\c LiiHiculty hanLiling the meter 
stick (a.ml uho do noi yet knc-w llie num- 
ner.^ to 100 siifiicienily ) . begin u'itii the 
centinK'tcr as the basic unit. 

(). In the eicmentary scfiodl. ;caeh the 
metric ^\stcm as t/w system o!" mea^urc- 
nieni; later, tlic cusioiiiai*} system nKi\' f^^e 
discussed as one nf the otlier >ysi.c[ns of 
mea^urc^ne^I. Schonis mi\y ha^c to teach 
^onie of the cu^tomar}' measures along 
"•Aiih le.icf];ng the metric s\sLem for a 
\\i e. since the country vis a uhole ■■.\ill 
olfer c.\am[^ie> of both for year> t<> ct>ine. 
'le.icii ific iUctric ,tnd custonuiry s^s^eniN 
a^ dual < M" alternati\c systems-— the cu^- 
tomar\ s%^tcm happens U) i^e the (Uie the 
Cfiildrcn*^- parents Uset.i. 

7. A'.<M'Ji confers io'U exercises, concen- 
trating on use r,i ihe metric svstern. blie 
indivuiu:!! need- to learn metric measure- 
ment Iv, iiself limi tiius learn to ifiink in 
th.at Linguage (^f n;casureuKuu . Thildrep. 
wht) ha\c nvU lc;irned any s;vstem of me.i- 
surenienf v. ill riave little (.hf]icult> learning 
mm\ ^veecpv, i\'e. ihc nvetric N\.;.jnv 

X Limit coir- ersii hUs widiin the me:ric 
system to comnnuib.- used nnit.> adj.icent 

u 
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in size. I'rescnt-day metric mate ri tils often 
ask students to perfortn extensive eon- 
versions, such as changing kilometers to 
lieci meters Just as useless are exercises 
rcLjuiring ULlLlition of unlike imits; rarely 
will this be needcLl in actual metric situa- 
tions. [nsteuLl of statii\g 4 decimeters 3 
ecfitimeters. the measure will be gi\'en as 
43 centimeters: instead of 5 meters 1 6 
centimeters, we will say 516 eciuimetcrs 
()r 5.16 mete.'-s. C'hiluren will [icclI to un- 
tie rst a nv.1 the relationship be (ween mea- 
sUj-es, but they siu>uld b-^ encouraged lo 
use the standard form. 

9. I'se actutil units and measuring in- 
sirumcrit>: ■A\o\i^ completely the usc of 
scalcLi-Llown \ersions sometimes found in 
ciMTcnt text miiterials. 

10. Dc\elo[) the understanding that tlie 
appropriate instrumciu should be used for 
diiTercnt measurement purposes: the meter 
stick for length, the hahmce for weight 
(mass), tlie container for \"olume, the 
clock for time, the thernuimetcr for tem- 
perature. 

11. I'he ufhts should be intrtuiuced at 
tiie point at \\hich the_\ are to be used. 
C'lMiccntratc on those units necessary from 
a utilitarian staridpoint at all tigc lewis, 
including :idult. Do not teach the metric- 
unit tables per sc. 

\2. b\::m:itions sh(nild be cmphasi/ed, 
-uc!; as. ".Af^ouL how man\' matchboc)k 
CO'* el s lung is [lie dcsk'.^" or ".Al^out how 
HKiUS Liraius of sugar do \'ou put m a cup 
(^f cotlee'.'" \'crify estimates whh non- 
st^mdarii me.isurcs arid later with metric 
UKMsLires. Develop the /ne:ming of aiui 
a feeling f(U' [he si/e of units thrinigh ex- 
pericrices cc^luering (m estimating and 
ciiecking [hi^^.c estifnates. 

13. Stress the iilca thai [nea^urcment is 
ar?_ni"o\iniatc. .Schools have given chiklrcn 
nianv' ilkist rat ions nt' **cxact" measures; 
nveaNureUcaU is as precise tis we have 
made ii seem, i^recisitui is partitilly de- 
penderit on the unit of Ine:r^urcme^[ \\c 
u.^e. 

14. Willi pu[^ils uht) alread>- know >hc 
custiunarv s\^tcfn. :is v.cil as ^^ith atlults. 
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Lipp;"o\iiiKitc convci'sions iikiv be ncodcd. 
[Relate metric measures to comnuKi ob- 
jects nnd to body meiisures. 

The meter is a little longer than ;i yard. 

■J'he liter is a lillle hniicr than a ([uiirt, 

Ttie gram is about ihe weiiiht of an ordi- 
nary pajier clip. 

The kilogram is a HtiL' hea\'ier than 2 
pcvancls. 

Body temperature is about 37 C, 

15. Use nietric mi[s al every opportu- 
nity, including olher subject matter fields. 

16. The preri:<.;s should be introduced 
as they are r.eedi:d. Association and pre- 
sentation of th.e complete set of prcli.xcs 
should be done late in the development 
and then it should be presented only to 
serve ihc function of notiniz [he orderliness 
of the metric system and its relatioiiship 
to our nauKTation system, 'i'he prefi.xci. 
kilo, deci, ccfiti, and :nilli arc the oiily 
ones that will need to be slressed in the 
elementary scht>ol 

17. Teacfi only the commonlv u<cd 



multiples and subdivisions ant! their cor- 
resptviding prefixes and symbols; for iii- 
slanec. 



11). cm 


jOll 


cm ■- 


1 in 


miu 


10 


mm 


1 cm 


k m 


KlOi) 


m 


1 kn] 


g, kg 


laod 


g . .^ 


1 kg 


1 . nil 


1 ()()() 


ml 


1 I 



IS. Stress the nnportancc of correct 
symbiM u.sage, wliic!i is the same in all 
languages. 

19. Special cmphcisis should be given to 
symbols for area and volame units that 
contain superscripts. .Additional emphasis 
on exponential cmd scientific notation will 
he neecieU in the clemeniary school. 

2i). Discourage the use of common 
fractions with metric units except when 
needed to develop specific quantitative 
concepts; when a fractional term is used, 
write it iii decimal form, that is, ''one-half 
is written as ".5" cr ''0.5/* 
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Lookino al the iMeasurcmcnt Process 
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Ten bcisic steps 

for siiccesskil metric measurement 
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adults wo h;i\c fu'Cii mciiMiriiiii lor 
so k)^^ lh:il uo now Il-ik1 U) lake the nica- 
surint! process fi)r unnHoJ. Today's push 
for Louvcrsioii to the niL'tric SNstcm pro- 
vides us with new t opportunities to redesign 
not only the system of iiieasureinenl tliat 
we teach in oni' schools [^ut also the way 
we teach (neasurenient itself. 

iscsearch (ucr the past thirty years sue- 
iicsts that [ncasurcaicnl is a niiicii more 
in voKcd nrtKcss than we have coninionly 
assumed. .Mcastu'cnicnt reijuires the dc\el- 
opnicfU of several prcrccjtusjte skills and 
undcrstanihnus thai are often o\erlookcd. 
The ftillowiiiu list siiuuests some of these 
jireretjuisites, alonii \\il[i a [^ossihle se- 
tjuence in wliich lliey miiihl be de\"eloped. 
I'he list is intended as a sinninary. The 
issues and erilieai aspects of each step can 
be founel in the other articles in this hand- 
book. We iia\e unilicd this list to treat 
!enuth, area, volume, and mass {weight) 
sinui!tanc(.)us[y. Researchers ha\'c foimd 
til at many of these understandinv.s must be 
(U'rcl</f>('(i bv children, instead (~)f merely 
beini^ by textbooks or teachers, and 

that a child's de\'elt)pment doc; not pro- 
ceed simultaneously for icniilh, area, vol- 
ume, and mass (wciiiht). Neverdiclcss, the 
prerequisites are similar for all .ind can be 
easily discussed toueiher e\ei': th(n]gh they 
may be separated in the curriculum. C\)m- 
pare this list of ideas and suggested activi- 
ties with ifie te.'<tbo(»ks used ifi your school. 
/\rc you skipping any imporiant steps and 
pre requis lies? 
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1. ( V >////;(//■(• ilircnly. F..\lend the ideas 
of "more" or "less" to "longer" and 
"slnoner," "heavier" and 'lighter," arid 
"bigger" and "s mailer" by placing objects 
directly next to each other. He sure lo 
extend the act i\'i ties lo include ik)1 only 
length but also area, vc^lume, and mass 
(weiglu) as well, luir length, compare pen- 
cils . pieces of string, chalk, and so on. 
b'oi" area, compare sheets c)f paper or 
similar pa[')er cutouts by placing (Mie over 
the otlier. {Keep the shapes being com- 
parcd geonienically similar at this (inie.) 
I' or \olunie. compare bo.xes anti cans bv 
placing one inside the oliier (filling activi- 
ties should come later). Coniparc the mass 
{weight) of objects by lifting and b)' 
[Maeing on simple two-pan balances. 

2. Co^niHin' ilircf ohjec/s. Three ob- 
jects A, and C may be compared by 
comparing A with B and B with (\ l)e\clop 
the property of iransili\ity for lengtli. area, 
vnlunie, and mass (weight): if A is less 
than B and B i^ less than C, then A is less 
ihnn C\ which can be verified by a third 
direct comparison. Note also cases where 
transit i\'ily dc^es not apply, F-or example, 
if .*j is less than B and C is less than B, we 
dt) not know how A and (.' compare with- 
out a direct comparison. 

Apply the transitivity principle to com- 
pare two widely separated objects. M:i\'C 
one child hold a short pencil on one side 
of the room, and another child hold a piece 
(^f jhalk on ([]e other side v)f the roor?!. 
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Which looks liMiL'cr? Ciiousc a ohjcct 
of iiKcrnicdialc k-ii^jlh. {V'|•h:^{>^ a Jowcl 
or stick, and iisc tfu- (ransi(i\c pi-u[X'i-iy by 
cotnparin^ lirst [he fxaicil lo liic Jovvcl aiul 
the chalk to the Joucl. 

3. riiK't' scciTiil ohii'L-is ill :>i(!('f\ Once 
chilJrcii ha\c IcarncJ and lna^tc!■cJ ihc 
( ransi[i\ i(> piopcnic^. ihc} can sc\ 
era! ()!>jccN in mdcr of incrcaNifiL: or J;'- 
crcasinL', si/c repealed u^e o{ ^!■all^!li\ ii\ . 
This sci"ial ordcriiiL: depends ow uaiisirrv it y. 
bui is not necc^sai\ In;" die sieps in mea- 
sin iiiL! tlial follow . 

4. (' < 'iiijhirr ifhiircdi'.. Uasie lo the 
niejsurenieiU [U'l-cess is ihe use of a diii'd 
hn'L'cr unit that can 1\ useii to help com- 
p.ire. We gel ai'ouiul ih-e inap[Micahilii v of 
the tran^iii\c piaipcrl} by cofisnuciinL: 
inKiikniu) the si/e of one ohi^et on liiis 
lai'Lic!' uni; and u^niL: die const riiclcd ^i/l- 
to compare to the sceonvi ohject. l-'or 
c\;tniplc. choose a dowel longer tiian either 
the [xaicil t)i' the chalk in the previous 
e,\ain[ilc. Compare tile do\^el to (he [xaicil 
and mark the [icncil's length on the dowel, 
f'hen compare liie marked length on the 
ilowel lo liic length of llie clialk. 

Compare the area of luo triauL'les in 
tracing: one of tiicm on a large sheet of 
paper (the la ' ger ufiit Then carry the 
marked sheet of [xijier to the other tri- 
aiiLjIe for conipa ' ison. 

'Y\Ki) vohifiicv cai. f"ie coni,naree. indirect i\' 
iyv usiim a \(ihmie of either sand or \wi(er 
as -in intcrniediate. As before, the \oIume 
ol sand ov watei" a\ai!abie ninst bj larL'cr 
than the volume of either of the two con- 
taiiiei's l)eing conipared Mli one of ilie 
containers wifli sand water, discarding 
d^e extra (this is the nuii'kit.iLi or "eonsuuc- 
iion"" step). I hen compare by [V>uring tiie 
sand or water into the second container. 

.\Ias-.es (wciLihts) may be conip:n"ed by 
usiiiL' sand or wjier to "ccinstruet" a mass 
equal to the tirst. 'I'he e(>ns(ructed mass 
may then be com_pared to the mass of the 
second object. 

.hid lf'fr.,'f/i\, (<'n'{i\\ inlunii'^', (uul 
ff!ii.\sc-^-. Develo)^ the idea that basie i^ro'^- 
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erties can be added. Compare the length 
of a [xmci! to the length of [wo pieces of 
chalk by placing the chalk j^ieces end to 
end. 

('ompai'c the area oi four small squa.res 
lo tiiat of a large scjuare by fitting the 
-mailer sc|uares togethei' like a pn//le lo 
foini a nev. ai'ca. Compare the \olmnc of 
svAcrjl blocks to that of a lai'gcr bo\ b\' 
^lacking the blocks. Compare the \veiglu 
of se\era.{ }-)apei' elips to that o( a safet\' 
pin by pl.icmg all the paper elip.s on (Mic 
pan of vi balance and the safelv pin <mi the 
other. 

f\ o/\/V('/v for {■< tniniin'M in. 

Oi'ten it is helpful to transform objects 
to make them appear more nearly alike 
fiM' [MU'pos^'N o\' comptua*s(ML r>sential to 
\\\\^ process is the fact that no length, area. 
\olume. or mass must b'' lost in the trans- 
foiin:iiiea] [^'ocess- --t his is the basic idea 
ol "co!ise! \ ation." 

|-oi'in a [^oKijon with toothpicks. Com- 
pare the length (perimeter) of the polygoti 
lo the length of a pencil b\' placing the 
looihpicks end lo end !o form a straight 
hue, 

('ompai'c the area o\' a triatigic to the 
area of a rectangle by culling the triangle 
into [Pieces that can be lilled liMjcther to 
form a new shape ihtu is a[")pi'o\imalel\" a 
I'ectan^jle. 

Compare a ball of fiHideling clav vv'itli a 
bh^ck of model in l: cla\' by pinching the 
coiaiers ol[ i!ie block and adding thcni back 
at other spots. Cse this same transforma- 
tion to cmiiparc both volume and mass 
f weight ) . 

7. (\>}})n^i)c l^y 'ncnuion. 'I'wo objects 
can now be enm\)-AYei\ by iisitig a third 
inlerinediale obiect (hat is smaller than 
eilher of the i>bjects being compared. \ 
small length is useil lo conslruci the length 
of a piencil b\- placing copies of the sniall 
lencih end to eiul until the aLlLlitivc length 
is equal to that of ifie [xaicii. d'he number 
of limes die small (engllt is usctl or re- 
pealed i> C(umteil. and this number l^e- 
cofues the measure of me lenL^lli of the 
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pencil. If \\c wanl io ccMiiparc ihc Icni^th 
(if tlic pencil :o ihc Iciiiiih of a piece oi 
chalk, we ^an i:et a numher for ihe measure 
of Uie leniith of the chalk in (he same 
manner and C()m[);ire Icni^lhs hy comparing 
number. 

'{"his process is v\hal most people ihink 
of when ihev think of measure, Thei"e are 
two im[\M-(am ihinus to note aboul iL l-irsl 
of all. the ilcra(io[i process retluccs mea- 
suivment lo a pr(K"ess of ecnmtinL^, hut 
countinu is the last step of the measure- 
meiU prcK-ess. The stepN that wc have 
sunnnari/.ed earlier foi'm I lie neccssLiry prc- 
recjui'^ites for the successful com,'Metion of 
the ctumting process. Sceonui>\ the inter- 
mediate '"small length" forms the unit of 
measurement. When v.e eoimt. we must 
he counting equal tu" congruent units. This 
is why tlie repetitive or iteration process is 
imp(U"tant- it guarantees that we count 
ci ngrueni units. The unit we choivse ma\ 
be arbitrarw as hMig as we use tlie same 
unit for all measurements we wisli to com- 
pare. 

When measuring areas by iteration we 
may be arbitrary not onlv in the choice of 
the size of the unit but in choosing the 
shape of the unit as well. The problem is 
to choose a shape for a unit that can be 
Used to construct many cliflcrcnliy sha[KHl 
regions by rcpetiti(Mi. The most j^ractieal 
shape to choose is a scjuarc, which can be 
Used to Ct>nstruct both square and rectangu- 
lar regions. To measure regions of other 
shapes, we first lransf(u"m them int(^ rec- 
tangles and then measure the resultant rec- 
tangle with the unit stjuares. 

Children should de\elop the iterati\e 
process for measuring areas by co\ering 
scjuare and reetangular regions with small 
scjuare tiles and counting the number of 
tiles use(.l as the measure. Later, tlie use 
tT' graph paper or a trans[^arent grid ma\' 
hel[i speed this [M'ocess. When this has been 
mastered, then [Xirallelogrcuns, trapezoids, 
and triangles m:iy be measured b_\" trans- 
forming iheni into equivalent rectangles. 

'I hc iterali\e process for fucasuring \"ol- 
unv." follows the same pattern as the process 
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foi' ai'ea. Small cubes are chosen for unit 
vi^lumes, and these may be used to ccm- 
struct reetangular solids. Irregular volumes 
are traiisfcMancd mio rectangular voliniics 
before measuring. 

To measure mass (weight), a small unit 
m;iss must first be eliosen. Identiccd copies 
of that unit are avided to the balance pan 
until die mass being me:'sured is matched. 
The number of unit masses used is then 
coutued. and the I'esulting number becomes 
the measure of the mass. i-"or classroom 
use. pajUT clij^s make pi-actical small-unit 
masses. 

S. .\/('i.'v.'//-(' hcfwci'fi ViDiils. Unless the 
unit has been chosen \s'ith respect the 
particular objeet being measured, it is gcn- 
erall>' not possilMc to construct ctMigruent 
lengths, areas, or vt^lumcs by a simple 
rep.eliti\'e proecss. When measuring the 
length, of a pencil, foi- example, a child 
ma\' find that fi\'c units form a length 
shorter than the pencil, while six units 
form a length h^igcr than the pencil. Chil- 
dren sin HI Id then report the measure of 
the length as between 5 and 6 units, ox 
5 ■ ni ■ 6 (where ni is the mea^in"e). 

.An aritfimetic of measure limits can be 
de\ eloped. If the measure of the length of 
a piece of chalk is between 3 and 4 units, 
then the iiieasure of the length of the pencil 
aiul the elialk end to end is between 5 r 3 
ami * 4. In a similar manner, the length 
of [wo piece^ of chalk i.s between 2 >' 3 
;md : • 4. 

Sulhliii\ii '/I ni ti/iiis. When children 
check the arithmetic of measure limits by 
measuring the combined lengths direetly, 
the}' usuall}' lind that the interval between 
the limits of the actual measure is less than 
the in>er\a! between the limits given by the 
arithmetic. Thiis, although the arithmetic 
gives the measure limits for the length of 
two pieces of ehalk as 6 and X. actual mea- 
surement of the length of two [pieces of 
chalk laid end lo end may give limits of 
7 and S. Tiiis hapj^ens, of course, when 
the length of the original piece of chalk is 
much closer to 4 than to 3. 
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I'Ik' clitlicMUy lh;i( is ruiscd here usuaily 
suiZizcsls Ui children (hal the interval i)e- 
Iween nieasurenieni limits shouki he made 
as small as possible. There are [wo ways 
[o aeei)nif>iish. lhis- -eillier choose a sniallcr 
unit of measure, or sLibdi\'ide the unit of 
measure into smallei' f'jieces, If one chooses 
a smaller unit, tfie inter\al between the 
measure iK'Ct^mcs smaller, but the coimtinu 
fTroeess becomes nioi'e dill'icult, since there 
;ire n\oi\' cop'us nf the unit to count. i5y 
subdividini: a larizer unit, wc make both 
aspects easier. C'ountiniz is easier, since we 
ha\c fewer larger units to count, d'he in- 
tervals betwcefi nieasure limits is smaller— ■ 
after the last wliolc unit, we can switch to 
tfie smaller subdivided imit. 

Children should sulxlivide basic units in 
anv manner ihi;v wish and practice mea- 
^urini: with the neu' subdi\'it.led units of 
!en'-:ih, area, Nnhunc, and mass (wciLzhl). 

10. Calcuhiic Willi Dii'Lisurcnu'fits. 'I'hc 
[vest way to subdivide measurcfnent units 
depends on how thev are tti W used. We 
can often shorten tfie CL>untin^^ process l^v 
doiriii sim-^le caleulalions on basic mea- 
surements, b'or example, supfTose we want 
to measure the area of a rectanijle. We can 
co\cr it with unit sc|ULires and then ccnmt. 
Or We can count the number of squares 



aloni: the Icn^zth of the rcctani^lc and the 
number of scjuarcs alon^: the width of the 
rectaiiLilc and multipl\' these numbers lo- 
^cther to oiUain the total count. In similar 
fasliion. multi["ilying the length, width, and 
height of a reetaiiuuiar solid is a shortcut 
for counting stacks o|" unit cubes, 

The algorithms for calculatic^-ns depend 
on the place-Value system used in our nota- 
tions. "!"o keep our calculations simple, tlie 
subdivision o\ units should parallel our 
[Mace-\alue system. Since we ha\e a deci- 
mal system of notation based on powers of 
10. it follows that for ease o\ calculation, 
the sulxli\ision of the unit should also be 
leased on powers of 10. 77//.V is cxtwilx 
wluu the }}\ciric sysiet}} docs^ iUid iliis is 
I he f>(>ini cu which (he marie .sy\!c'ni !)(•' 
(7*/;/('V Lii! idfUdU't'oUS'. 

Other subdivisions ma>' he useful ii^ 
othi-r applications, it is often useful to 
consider haUcs or thij-ds of imits. particu- 
larly in estimati<Mis. but no other subdivi- 
sion pi'oceilure is as useful for computation 
as the decimal divisions used in the metric 
s\stem. .As leacfiei's of Mujng cfiildrcn, we 
must look ahead for the system thai will 
ultimately he most useful to them and use 
that system from the time standard units 
are first introduced. That is why it is im- 
portant U) think metric — ncnv! 
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Rcpnnicil }'nmi the M.is l^)^! AKiiHsfiiii It-sctiin (\)p>nj.lu <■ I'W] , N\itiot'.j| (.\)iiiKiI ot" 1 c>u1k'is of M.iihcm.itics. 
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Is <;.•; r/s.sf '(■/(/:(' pr<>u-\si>r of DKillicninlics f-Jia aii'^ii at liic 
I >iii < r\ii\ ■>! ( i < > if'^'iii. A lilt lis. i'lCOf^ia, l.rslw Su 

I luUhi'fi's tliiiikni'^' ill indihcnxnics. lie ^! ( cfi:i\ 
ill tt'ii i:s (///■('( oj (I r i )/;/t7T,';ct' n/i riwriin-li 
t>t flit- Piav,ci :\'pi\ hi thi^ article iic su'^'^t-\is 



It is CNNCtuial [h:il leuchcrs of inalhcniat- 
ics h.iw a iMt^d L^rasp ot tfic thinkiiiL: ha^ic 
{() the niathcniatical content ilvcy present to 
their ^ludenK. When ccMifronted with the 
general area oi' ihinkinj:. malfKMiiaiies ctlii- 
cato (inekitiint: teacliers ) have (raciition- 
aliy lurneJ lo ps\e[ioioii\ for help. Some 
niathenialics eihicators are currently turn- 
ing upward thet^ries of cogniii\e cle\eh^p- 
nient in their cjuest to uiuiersUinti thinking 
basic to niatheniatics. The search is rich 
in content and reuarthnu in lernis of ini- 
phcations for niathematics teaching, '["he 
implications ,ire not necessarily in terms 
of pedagogical polemics but lie in tfu* in- 
sight tfial teachers can gain into the think- 
ifig of the yo({fig cliild and (he origin>, ol' 
(liat thinking. 

Piaget's theory of cognitive de^elopnient 
is a theor\ (»f intelligence. Ofie of its fea- 

o 
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tures is that it dcsci'ilx's structures of 
lf':ouL:ht and changes sttch sii-nctuies un- 
dergo as a child changes in cliriuiologica! 
age. Nhijor si;iitcs of dexelopnient of these 
structures ha^e been identilicd by Piagel. 
C^'ucial ages ut \\iiicii changes in structures 
(K'cur lKt\e been i^nlated at appmvimatv. 'y 
eighteen months age. sc\en \ears of ag.j. 
and tweh.e \ears of age. Stages \]\a\ be 
iUentilied m terms of the age mtervaN; 
trom birth to eighleen montlis of ai'e. 
eighteen numths to ^e\en \ ears nf aiie. 
sc\en }ears nf ;ige to twebe }ears of auc. 
and t\ve!\e }ear^ onwards, dwo stages are 
particularl\ of concern in this [xijX'r — ifie 
stage from eighteen months t() scw-n \ears. 
called {he stage of preoperaMonal I'cprc- 
scfitation: and tfie stage frnm -even veais 
t(,^ tv.ebc \ears. ealied the stage of c(,in- 
crete operations. In the case of inchvidua! 
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cliikircn. cxccjMioiis in when Nlai:LN iK'cur 
hnw been nolicctl. bul noi in llw ^^-qucneL- 
of occurrence. 

In the tlK-(iry. (ucrt ;iclioii xicv.ccl ;is :i 
source froin uhieli inlellii:enee uriLiinalCN. 
As ihc child iii'ous oklci', ihc o\cn ;iclionN 
arc iiUcnuili/c(.l ( ihcy occur in Uic luiiul ! 
uih! bccoriic opcraiiims of ihtuiLihl, or, 
\'ov .short. i^pcraliiMis. Such opci'alious iM" 
thouLihl arc \ic\\cd as haMUL! Mruelurc. 
("oiicrcle opcraiious arc ■ .iHcl! c<>nat."iC 
to tL-uoic liiat chikh'cii cau ihink iu a ioi:i- 
caily coiKrcnl manner aboul ol^jecls thai 
exist and afxnu actions (hat are [Possible, 
("hildreri can [>erfi>rni ctmerete (operations, 
lunvescr. in tlie inniicLh.iic dh\cni-r of 
ohieets. Sonic examples oi eoiierete ii[X'ra- 
ti(Mis aa'c chissilicalion, c^ileiini:. counlinj:. 
and (he fundament. li o[^ei-ations o\ (he loijic 
of cla^^e^ ;tiui rehidoiis. In what foHi w^. 
ihe operatiiMi pf nrdcrinL: is Lri^eu^^k.-d. 

A ehiki can }>crform an ox^r! .ie( of 
coni[xniny two striuLis {s\\\ A and />' i (n 
aseeriain if A is ioni: :is /j\ if A is 
shorter than />'. or if .-l is [onucr than H. 
In orck'r tt) exphnn. e\en partially, the 
condititxis (h;tt ha\e hold for sucli tWL-it 
ac(s {o represent (operations o\ thouiiht, it 

neccssiiry to consider a ehikl phiccd in a 
sitiiatiiui where he is a-kcLi onier a 
fMuulk- iif -(riuiis fr(,n) ionL:e-t to siuulc-i 
^as^ll!!)e (he s[riiiMs ;ii-c of LhllereiK 
!cn-!h-). To avoid t!ie possibilitx' of tlie 
cfnki [^erf(M-nn'py the orderine b\ lUst kmk- 
im: al (lie -trmiis, (he striiiL:- liaxe (o be 
close enouL^h in ie[iL!ih sn dun jn\ i\vt> 
strin;^s :ire obMous!_\ of diilereni 

kaiL'th-. I ha( is. in mul tiie relaOcwi (ha[ 
holds, a child acluaii} has [n compare the 
slriuLN b\ [ilacmy (Mie end j.oim from each 
strifiL! adjacent to anolher and ciunj^ai'ini! 
(he two rcfiiainiiiL: end points \\\\\\ (he 
striiiL'- drawn (am (see iiy. 1 ), do perform 
the onkaaiiL: (a-k. (he child miN( (ake two 
-irniL's. sa\ A and li, and o\er(I\ ctmipare 
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A longer than B 
B longer than C 
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(hem. Suppose he finds (hat A is kMieer 
than H. He (hen niirsi take a third string 
and compare it w ilh either A or H. Iniaiiinc 
(ha( he c^Miiparcs i( widi H and linds that 
is longer than C (see lig. 2). At this 
[^oin(. if the (^\er( action represents opera- 
tions, there is no neeessitx for the child to 
oscrih, compare A aiul C. lie is able, in 
his mind, to eoitiparc .-I and C on the basis 
of the pi emises (hat A is longer (lian B and 
B is ItMigcr dian C. That is, the ciiild is 
able to ccnn,'HKe the two relations 'A 
V^wzex than />*" and '7^ longer than and 
infer (ha( .-1 is longer (han (', which is t^nc 
central a^pee( of the o}Ka*ation of oiclcring. 
In madiematies, it is what is known as die 
j^rinciple of transit i\iiy. .Although not un- 
equi\(ieal. some research (Smedshmd l'^^^.^) 
siiow> l!ial d)e axerage age at wiiich ciiil- 
dren aeqtiire iransitixity of length relations 
lies some\vhere between vcxcn and eight 
\ ears. 

Imagine now that when the child com- 
pared string C \\i(h string H he found, 
instead i^f H longer tiian T, H sluMtcr (iian 
r ( ^ee tig, .^^i. In this ease, if (he tnert 
aetions re-pi'escm operations, there is no 
nccesNiiy for die cfiiki to make an\ further 
o\ert eojnparis(Mis u\ asciTtain that H is 
siuM-ier mail .-1 or that C is longer than B. 
He is able, in his mind, to construct a eon- 
verse relation. Wdien the child thinks. "B 
is shorter than it is a relation that has 
a directionality from /)' to C. The corncrsc 
relation. 'T kniL^er (han /^." has a direc- 
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tion;ilit\ t'rmn (" [o />, In oiIkt \\oi\N, the 
child st;irK \vi'.!". />. piiicc.\is lo (' (li 
shorter (han C). ilwn h;ick to /) {(' Kmil^ct 
than /O. Sucli an cxpicssiuii i^}' rcNcrsi- 
hihiy essential m tfic stincune ol' ihc 
operations. 

in liie ease hijure 3. ll:e ^.hiUi eann^^t 
esiahhsh, in ihouiiht, any loi^iea! lehiiion 
between .-I anJ ( b> ihe esunparjson of 
/) and (' .md A and /). It is e-si^-ntial t\>r 
hnii to o\ertl_\ e»'nipare .-I and (' to eoni- 
plele the seriation i oiLieiini: ) o!' .-1. />. aiui 

A-suine that the ehiid t'ound .1 hnvjei' 
fiian ('. ihc order t^t tlie sU'n)|^s is i[i 
tij-iie 4. '{ ik- eh:!d inirt now i.ike anodiei" 
^tniiij. s;ty /). IiiKiiinu- he linds that /> is 
K^ii^er than /) uiih one o\eri e^unj-ariMMi. 
The e(Miercte-operati( Mial ehild v\oiild lU't 
ha.\c Overt! V eoin[^are .-1 with l> nor (' 
uiih /> to intei' tile enrreet I'clalioi^s. i-nr 
exatiifiie. In inter that .-I is KuiL'er than f). 
he eiuild take at least two ditfercfit routes 
!•> e-tafMish ifie rehitiiMi. Idrsi. beeau-e he 
knn\\N that .-1 is huiLiei' than /> and li is 
ion^ier tJian /). fie knous that .-1 is ionuer 
t'-^a!: /)\ (M-. -^eeiin.d. heeMise fie knows thai 
A is '(ini:er than C .md (' is loneer than 
i). fie /an infer that .■) is ]onL:eJ' than /). .A 
most etfieient s(i;iieL:\' on the [Xirt of tiie 
ehild would be to reason that H is sfidrter 
than both .1 ;i[id ('. f) is sh(Mter than />. 
so I) Is sh(M ter than l^nih A anii ( '. ( dnl- 
dren in the si.ii^e i^f preoperat icmal repre- 
^eniatKHi do m»t exemplify sueh !levibnit\ 
of tiiinkinL!. 

Other struetaral haiaeleristies of eon- 
erete-operat lonal ihoa^hl e\ist. but the\ 
are better broi.iL'h> oi:i m odier eonle\t-. 
'I'he al^o've eharaeteriNties n! tranN!li\it\ 
and re^ ei Nibiiit\ LiiseiiNS'-Li in tile etMitext of 
a seriaf i(Ui-o! -vtrini:s ?as.; are cpiite ijeneral 
and a[^ply to other <h'Us'i relations; that is. 

.■1 longer (hfji C 
j ^ C longcT thiui B 

A C B 
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"less than" and "'more than" for numbers. 
One point should be made e\j>licit. Thai is, 
it is not necessarily true that all eiiildrcn 
who ai'e eiuht \ears of aLie arc in the stage 
oi concrete operations, nor is it iieccssarily 
true that all children wlio are six years of 
age are not iti the stage i^f eonci'cte opera- 
tions, it is important to note thai children 
are not, in the present eurriciiluni. taught 
direetl_\ t(^ think in the \\ a\s eharaetci i/ed. 
The} tlo so Without formal iivstruction. 

Now. consider a child w h<i is [placed in a 
situation wliere he is asked to eategori/e 
a eoiIecti(Mi of ■■linear" obiects (sticks, 
strings. pifX" c lea tiers, etc, ) into subcol lec- 
tions, where the subcr licet ions are formed 
In using the relalion "as long as." Tlial is. 
any object in a gi\en subcollection is as 
long as an\' tither ohiect in that subcollec- 
tion. aiul an\- two objects taken from dilTcr- 
ent subcoilections ;irc of dilTcrcnt lengths. 
.Some sfmciui'al aspects concrete opera- 
tions noted earlier are iin'obed. as well as 
others. The child can start by selecting an 
libiect. say .-1. and finding another, say 
so that .-I Is as l(Mig as B. The eliild tiiay 
now find another object. sa\ (*. as h)ng as 
A. if these o\ert actions represent opcra- 
tiiMis. there is no ncjcssit}' f(M" I he child to 
(wertly compare U and ('. He is able, in 
thought, to c^mipare A and (' on tiic prem- 
ises that A is :is long as \\ and .-I is as Imig 
as r. bor tfie concrete-operational child, 
kfiowing that .-} is ;is long as H aNo inif^lies 
tliat the cfiiid knows that H is as long :is A 
( re\ ersifiilii\ } . ;md knowiuL: that H is as 
long as A aiui A is as hing as ( \m\^\w^ that 
(he child is able to infer that H is as long as 
(' (transitiMt\ ). ('li\en that tlv "h id mcws 
A. H. and C as all being as long as tme 
af)other. he can trecK' u^e any one tif the 
three a.s re[M'e-entati\ e of the otb.ers. or. in 
otlicr \uin.ls. I, ^ ' e principle of -^ubstitu- 
tii^n. .\hireo\er. the child can compose rela- 
tion ^ as follows. If he finds an object I) 
sueh that /) is not as long as ('. he knows 
(iia! /) is not as h^ng as either A (W H with- 
out o\eri comparisons because A is as long 
as ( ' and li is as long as C. 

\ he abo\e principles of tlunight at the 
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ill c!;issil\ ini! "liiK-:ii-" objccN iiih^ subco!- 
k'Cliods (>[i thi' [\!^is ol' ""as ;is/' I low 
sulIi ihinkifiL: iiuoKv-d in mcasiircniL-ni 
t:isks fplldws. 

MvMviirL'fnciil is it [Troccs< uhurL-in- >i 
niiniht'r is :isvi»tncd to s(miic ohjcci. C"oii- 
^idcr. for cxaiiijiL". ;i linL* ^cemciK A as an 
{^hjccl [o be nicasin-L-J fa laui [Vicl'c of 
^irinL: is a pln^ical rcprcsciila.liviii of a line 
scLiniLMil ) and aiu^lhcr scunicnl /> iisuali) 
Ci^nsidurcd as a iinil of nKMsiircme.M. se- 
lected lo measure tlie sL'«.:nienl A. T* mea- 
sure .-f . /> is laiel al(Mii:siele .-I and iterated 
as in anv litnes as neee>sarv. Consider tlie 
sfX'eiai ease ui ti^^ure 5. wiiere A is eiuiht 
units in lenj^lh. "IIk" ehild nuist eoncei\e 
of A as beini: [Tartitioned into a\:h\ 
parts, deterniitied hy the iteration of fi^ 
eaeh of whieli is as Iimil: as /?; that is. is 
as lorii: ;is />*. /> . is ;is hniy as /?. and <o on. 
Olniouslw the ehild /ni/.w eoiieei\e. in 
Unniiihi. tiiat /^ is as loni: as II.. sjnee 
there is rio possibility (^t directly eoni[Tarin<! 
n and /> .. The s.-me holds fiir an\ two of 
the subparts. Too. the ehild nnist eoneei\e 
that i^ shorter than /?, I< . ( . 
mea/is the seL'nient formed bv />, and Ilj). 

H, is sh(vter than /?• B. />',. 
and so on: ;'!ui at the same lime he nuist 
concei\e fiiai B. is !v)ni:cr than B^. 

B: B, is h>ni'er than B: /?,. and 

s(^ on. Dr. ir, other ^vortis. a stick (MIc uriit 
lonii is sh(M"ter ill an a siiek two units lonn; 
a stick two units Umil: is shiirter than a stick 
three units Ioiil:: and at the same time, a 
slick two units lonu is hMiuer than a stick 
(Mie unit huiii; a stick three units lonn is 



longer than a stick iwv) vmits (on^:'. and so 
on. 

!'oo often measurement is beiiim in the 
eleme!itar\- scliool in takini: a foot ruler, 
marked olf into units of an inch o\' frae- 
liiMial [Kii'ts thereof, and apjM} iiiL: it to 
objects to be measured, obtainin^i answers 
such as "the book is elexeti inches Kmii:'' 
(assuming a book wa.s to Itc measured). 
Children eertaiiilx like to measuie (^lijects. 
Miuve\er, if they ha\e made their ouvi 
nicasurin^j in^irumciUs. iwo children may 
well find "dillerent" answers for how loiiii 
the book is. {'he resolution oi .such a cp//- 
///l7 ma>' lead to a cjuite pinxerfui notion-— 
11 unit of nieasure for each child (hat is as 
loni: as the unit of measure i'ov ans (Oilier 
ehild. In the resolution of such coiilheis, 
otiier structural charactcrisiics of ciMicrete 
ojTcralions become immedialel\' apparent. 
For example. coiisi(.ler a simple situalic^n 
sueh a.s ihat Lk^picicd in fiiimv 6. .SeumcfU 
.-1 ( f(^r example, the ieniilli of the book) is 
measured by two rulers, ruler 1 and ruler 2. 
With ruler I. ^ei^mciiL .-I is fcnmd to be 
tweUe imits louii. and with ruler 2. ciiilu 
units Ioul:. How can the same segment ha\e 
lw(^ "tliirerent" len!jl!i,s'.' it is essential ;it 
this point th.at a ehild be able to simulta- 
neously concci\e that the unit of ruler 1 is 
shorter than the unit of ruler 2 and that 
there are iKofC subseemcnts of ruler I than 
there are (if ruler 2. Tor a child in the stage 
of prcv^peralional represeiilalii^n. Piaiicl's 
the(^ry would predict that he is not able to 
C(Mieeive simultaneously of both relations. 
.A child at the staiie of concrete operations. 
hkiwe\er. could establish both relations and 



Segment A 
^ Ruler I 
^ Ruler 2 
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c(KM\li[i.tlc tlK-in; thcubx il won! J sclMII 
llvdl such :i chiki would ha^'c ;t more pow- 
erful concef^tuali/inn ubilKx tlr.iii iIk- pi"c- 
operationii! chiki as icimi Js construction of 
standard units i»l nK-asurcnicnt. 

'I"o illustrate moic hicidlv ihc pc^int co'v 
ecrniniz the eonstructioii of a stanLlard unit 
of [neasurenienl. consider the three situa- 
tions dei^ieted in liijuie 7. in each situation, 
a child is usked if he caii iiKike :i lenLilh 
comparison of the two j^>l_\i:oiial p.ulis. (A 
po!\Lional path nia\ be ihoiidu of ;i.s ,i sci 
of s-ceinenls connected at tlie end. points. ) 
1 he p.itiis are not ni»nalMe sn thai iIk- clnki 
cannot make a tlirecl. o\ert eoniparist^n 
hetwecn them. 1-irst he nuM ascertain 
whether the suhsciiments of each [Xith are 
of the same k*ni:th. The cluki eoukl do this 
b\ sekvtinu a stick (a. unit) a> lone as one 
suhsc*jmenl and tlicii coinfxirniL: il wiih 
cacli such suhseiimetit in that path, as al- 
ready discussed relative to Ikjui'c 5. He 
must, b\ necessity, be able to use tran- 
sit!\it\ atul re\ ei"sibilit\' in oi'der to eon- 
cei\e of. sa\ . path ! of siuiatioii 1 as beinii 
partitiiii'.ed into sabseiimeiUs al! of the 
same ieiiizth. Note that in path 2 of situa- 
tion one stibsCLimcnt is shorter than the 
unit and one is kimicr. so thaf no com- 
[larison is possible, on a logical basis. o\ 
pAi\) i and {^uh 2. Of course, iri-n-c suphis- 
tieated means are a\'aiiabk' to make the 
eompai"is(in. 

In situation 1. all subseginents of path 
1 are of the ^same ienuth and Lill subscj:- 
ments o\ path 2 are the same leniuh. Il is 



neccNsai"} for a child tc> ccMiiparc cme sub- 
segment of path 1 with cuic subseiimcnt 
path 2 throULih the use of an external stick 
(thus etiiployini: transitivity and reversi- 
bility) to ascertain that they arc cM' the 
same leuLith. *! hen by establishinii that one 
subsegment of path 1 is as loui: as (Mie sub- 
segment of path 2. the principle of subslilu- 
lion must be employed to ascerlain that 
any subscgment of path 1 is as long as a/iy 
suhscgment of path 2. Now. in order lo 
compare the lengths of the paths, the child 
must either construct a one-to-one mappiing 
between the subsegments of each path ov 
else count them. In each e\ent. the con- 
clusion, path 2 is longer than path 1. is 
based on the premises that there are more 
subsegments in path 2 than in path 1 cincl 
that each subsL-gment of path 2 is as long 
as eacli subsc^jmetU of path I . 

.Although in situation i it is not neces- 
sary' for the child to estalMish and co- 
ordinate both relations in order to reach a 
correct conclusion, in situation 2 it is. in 
situaticni 2. each siibsegment of path 1 is 
as long as an\ (nher siil^segment of path 
1 but longer than Liny subsegmcnt of path 
2, all o\ which arc r,f the same length. The 
two premises imi which a child must base 
any logical ctMicliision are: there are more 
subsegments in path 2 than in path 
LiHil each subscgment of path 1 is longer 
Mian each subscLzment in path 2. C'onsider- 
i ig jiist ihese two premises, the child must 
j')ercei\e that it is not [lossible to eom[')are 
the lengths of path 1 and path 2. In figure 
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6, :i simihir sitiKilion exists. There, how- 
ever, ihe polvLioiuil p:iths fonniiie ihe rulers 
:ire sci^nwnfs (IkiI :ire proximal io e:ieli 
other viiui to si'iimeiu A, sO that \i>u-A 
eoinparisons are possible. No eone!iisi(Mis 
about the relative lengths of the two rulers 
eoukl be ascertained from the two premises 
that the unit of ruler 2 is IcMiger than the 
unit of ruler 1 aiui there are more subseg- 
ments of ruler 1 than of ruler 2. Tht>se two 
relations considereLl simuitafieous!> were 
used to explain why [wo rulei's, foi' which 
it was i^'iicn that the\ were of tlie same 
length, could iiave duTerent [Uimbers as 
lengths, hi siiuatiiMis 1. 2. and 3 of figure 

7, tfie task is to compare tlie lengths of 
path I and patii 2 (which are not movable) 
ba- .'d knowledge of the lengths of the 
suhsegnients ami liow many sueii sub>eg- 
menls form tiic [Xiths. In situation 1 such 
a coiiiparis(ni is possible. In situations 2 
and 3 sueii a comparison is luu possi- 
bk'. In situation 3, the reason a eompari- 
son is lut'. [nissilTlc is di!lerent fi-om 
that in situation 2. In path 2 of situation 
3. if a child selects a stick as long a.s a 
subscgment (say A }. he will tnul that there 
are exactly iwo suhsegnients (C aiui P) 
not as long as the stick tC is longer tliLUi 
A and /) is slu^rtcr than A ). If the criild 
is at the Sutge o\ concrete (Operations, he 
should know that even though there are 
as many subscgmeiUs of fxith 1 as there 
are of path 2. lie CLumot compare the 
lengths of the iwo paths. It is essential that 
a child ha'vc the ability, before such situa- 
ti(ms are presented, ascertain whether the 



^ubscgmcnts of any path are of the same 
length. It would also seem necessary that 
the abilities outlined abiivc concerning sit- 
uations 1. 2. Luul 3 of ligure 7 be pi'csent 
before the number line is used lis a model 
for operations w ith whole numbers. 

Considering the abo\e discussion, for a 
child to conceixe a need for the construc- 
tion of a standard unit of measurement it 
seems necessary that he be placed into 
situations that are lesoUable but that in- 
voKc eonllict ( lig. 6 ) or into situations that 
are not resoK'ablc (situations 2 and 3 of 
[ig. 7). Such sittiatioiis must be carefully 
selected so that the thinking necessary for 
resolution (or i'lonresolution ) is available 
[o the child. 

Once a ela^s of chiklren have constructed 
rulers with a standard imit of measurement 
(e.g.. an inch), they should use the rulers 
to measiu'c objects. In such usage, concepts 
of ii^aicr and outer measure become impor- 
tant in forming ap[^roxiinations to the 
length of t4.^jects that are not a whole 
ruimber of uriits hmg. in figure 8. the inner 
measure of segment A is six units and the 
outei' measure is sc\en units. The length 
oi the seguicnt is hct^veen six and seven 
units. The inner measure is the greatest 
number of units tfiat are completely in- 
cluded in the segment, and the (niter mea- 
sure is the least number of units needed to 
completely include tlie segment. If the 
children agree make t^\o units out of 
each one in their ruler, then a closer ap- 
p rox! mat i(in could W made to the length of 
segment A \ see figure 9). In figure scg- 



" Segment A 

2 3 4 5 6 7 



Segment A 



I 23456789 10 1 M2 13 14 

ERIC 



Fii:. 9 



i.ooxiNc; A I' I'm-: m !:asuri:m!:n r pr()Ci-:ss 



nK'iu .-1 is hclu ccn !3 and 14 uu\l<, ov. in 
I'jrins of i\w oriLiinai ufiil. lvi\\i.\'n f>'., ;iiKi 
7 ufiils. Il IN ncccss;ir\ thai iIk' chiKl i'ccl 
no conilici in ^c[>l\•^c^linL: a lL'ni:lh b\ iv. o 
nuini^ci'N in v't\icr to olMain Nikwssi\ c ap- 
pi'iAiniat ioHN io [Ik* kaiLilh o\' a NCiinii'iil. 
as s^aN done with !i<:iirt.'s S and 

A IiiNcr discussion nl' incasurcnicni {ut 
sc "Aoiiid al least iiicliidL- I'liLilish units ui' 
linear injasin-ctnciu. incliic iinils oi" nica- 
sinvi!K'[U. area nicasiireinent. \oiunK- niea- 
surcinenu and coineision-, from one niea- 
suremenl s_\ stetn toatioiher (\Uneli nieiudes 
a \\ell-de\eli>[V'd Ci^neefn of eijual ratios). 
Such. houe\er. \sas iku the iiileii. of tfiis 
paper. Radier. aspects of thiiilvini: founda- 
lii>nal to measureinciU ha\e nnesti- 
Liated. In that in\ estiL:alion it js fuund 
thai principle-- of iransiti\, it\ . re\ ersihiiitN . 
and suhNliiution. a^ weli as an abililN to 
conceiv e of iw o I'elalions snnullaneousU . 
were all foumiai ion;ii. f-noiiL:h situations 
and e\anijiies ha^e been inehidcLi so ih;U a 
leaelier v. iih a little ini^enuit} can assess 
such aspects of thinking \n her chissrooni. 
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HAROLD C . TRIMBLE 

A professor of c due alio n at Ohio Slate U nii'cr.sit\\ 
llurohi Trimble licscriln's himself us "a wouhl-bc tciichcr; 
'w<>ulii' ol\v(iy.\: 'he' us iUlicr tlittics pcrtyiit." 



A o iiKiny adults niatlicmatics is a mys- 
tery, an occult science beyond their powers 
of reason. To test this bald statement, talk 
to boys and girls of high school age and 
to adults. Listen to what they say. Ob- 
serve what they do in simple problem 
situations that involve numbers. Notice 
how they try to *'re member what to do" 
or begin to perform random calculations. 
Notice how few people wade into a prob- 
lem confident of their own good sense. 

Now ct)nsider a child who studies al- 
gorithms for addition, subtraction, multi- 
plication, and division in grades three 
through six. Much of his time is spent 
learning to find **right" answers. Perl.aps 
he concludes that mathematics is ilie place 
in the world where exact answers are avail- 
able and required. At this point in his 
mathematical development, a child may 
encounter what seems to him to be a con- 
tradiction. He has i^ecome accustomed to 
using numbers to record measurements. 
And now the teacher tells htm that all 
measurements are approximations; that, in 
the arithmetic of measurement, there arc 
no exact answers, and. e\'en worse, cor- 
rect calculations do not necessarily produce 
O )rrect** answers. 

ERIC 



This is, of course, only one of the criti- 
cal moments in which a person may learn 
to believe that mathematics is a mystery. 
Perhaps it is an efTective one for many 
children. At least it would appear to pre- 
sent a fine opportunity for a child to lose 
his intellectual self-confidence. 

There are. Qf course, two ways to try 
to correct such a misunderstanding. You 
can provide corrective experiences just 
prior to the critical moment. Or, you can 
take a longer look to discover how the 
misunderstanding was built into the cur- 
riculum over the years preceding the criti- 
cal moment. 

Let's look first for a short-range solu- 
tion. As a teacher you may not be in a 
position to rewrite the program of study. 
Often the best you can do is patch up 
mistakes that previous teachers have made. 

Have you seen the advertisement in 
which one razor blade corrodes rr.ovQ 
quickly than another one? The edge of a 
razor bhide appears to the eye as a line 
segment. What could be more perfect 
than the edge of a blade used only a few 
times? Yet. under a microscope the edge 
becomes a mountain range! A teacher can 
use pictures like these to dramatize the 
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contrast of the perfection of mathematics 
with the imperfection of reality. Then he 
may be able to get children to see how 
calculations, correct in the mathematical 
world, fail to reflect the rough edges of 
the physical world. 

My own lack of confidence in talking 
to students, even in using pictures to 
dramatize the contrast of the mnthcmntienl 
model with the everyday renlity. is bnsed 
on expericncu. My efforts along these lines 
have failed. Because of this, I am con- 
vinced that boys and girls need to use a 
correct mathematical model for a while 
before they can appreciate and understand 
the incorrect, but good -enough -for- practi- 
cal-purposes, model now presented in 
most school mathematies programs. So, 
to my mind, even the short-range solution 
requires more than showmanship. 

I propose, then, providing children with 
experiences in which they contrast the 
matlwnuitical idea of measure (a real num- 
ber, length of a line segment, weight, or the 
like) with the physical idea of measure- 
ment (the process in the real world). A 
child readily accepts a thing as what it is. 
It has something that grownups call a 
measure. This may be a length, a weight, 
a time, or another idea-level property. The 
trouble is that real lengths don't fit rulers 
perfectly. The measure is an idea. It is what 
it is. The problem is to express the meas- 
ure using numbers on a scale. This is the 
basic problem of meaurement. Carpenters 
are content to call a measure 12' 2. Ma- 
chinists might call it 12.49. They mean 
about, and about means good-enough-for- 
the-purposes-at-hand. That is why walls 
have floor moldings — to heal the difTerence 
between the lengths of wall boards and the 
heights of rcmms. But about is not a ^oo^\ 
mathematical word. Sometimes we agree 
that "about IZt^' means I21'2 ; but 

a better way to say this is to speak of a 
measure about which we know that 
12'/4 < }n < 12-^4. At least 1 like it better 
because it keeps things straight, There is a 
theoretical 'haig called a measure, m. But 
^ process of measurement is a process of 
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comparison that inevitably leads to making 
an approximation. So the best we can know 
about m is that it belongs to an interval. 
For example, wc may know that 

12.1 < m < \2l, 
or we may know that 

12.485 < m < 12.495. 

What we know will depend on such prac- 
tical questions as the type of measuring 
tcx^ls wc use. 

In present-<.iay programs in arithmetic, 
children begin the study of measurement 
by measuring things that come out as whole 
numbers, such as 2 or 3 or 5. This seems 
wrong to me. It would be much better. I 
think, to begin with things between 2 and 
3, or i>etween 5 and 6. If early experi- 
ences v,'ith measurement have implanted 
the idea that things really do have mea- 
sures like 2 or 3 or 5. children espe- 
cially need to work with the between idea 
as they begin to perform calculations in 
the arithmetic of measurement. 

A good problem to get fifth or sixth 
graders started is to ask Hbw far above 
the first floor of the school is the second 
floor of the school? There are. of course, 
a lot of ways to measure this. Fine. Suppose 
one child, or committee of children, drops 
a weighted string down the stairwell and 
uses a yardstick to measure the length of 
the string. Suppose another child, or com- 
mittee, measures the rise for one step, 
multiplies by the number of steps, and 
comes up with an answer. The answers are 
difl'erent. Who is right? 

In a context like this one, it will be easy 
to convince fifth graders that a stairstep 
has a riser of some definite height, but it is 
not possible to say exactly what this height 
is. The best one can do is to make a state- 
ment like: The height is /?, where 

7,1 < h < I't 

For sixteen steps like this one. the height is 
f/, where 

16 X 7.1 < W < 16 X 7^ 



102 



A MHTRIC HANDROOK FOR TliACHERS 




Notice that the calcuhition required is 
doubled when you work with intervals. 
Notice that 16 ^: 7^4 - 116 and !6 x 
~ 118, so that an interval 's inch 
long {7 '.I to 7'^H ) becomes an inter\al 2 
inches long ( 1 1 6 ti^ MS) when you multi- 
ply it by 16. 1 believe that it is in contexts 
such as this one that the ahsi^lule errcirs 
and relative errors of the arithmetic of 
measurement can he made sensible to 
children. 

What 1 am propi^sing. then, is in\'ohing 
the children in a few problems in which 
they perform simple measurements; lead- 
ing them to notice that diflerent methods 
or difTerent observers may get difTerent re- 
sults: having them express the measures 
using intervals; helping them perform cal- 
culations with intervals for a time before 
trying to teach the more conventional ap- 
proach to the arithmetic of measurement — 
Q round inu of answers. 

ERIC 



The next example may be more suitable 
for junior-high age children. When a boy 
runs up a flight to stairs, he does work. If 
he climbs /; feet and weighs u' pounds, he 
does riw foot pounds of work. If this takes 
{ seconds, his power is expressed as 

foot ptMMuls pLT second. 

Since 1 horse power is 550 foot pounds per 
second, we can write 

r --= norsu powtT, 
.\^0/ 

You can have children mea ure their horse 
powers using this form u 'a. They must 
measure /; in feet and, for each child, w 
in pounds, and i in seconds. To get a usable 
measure of /. a stop watch will be needed. 
Again, it will be easy to get arguments 
going about whether or not Joe is really 
more ptnverful than Sam. Again, intervals 
will be needed to allow for the inaccuracies 
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of measurement. For example, the children 
might agree that 

11-; < /i < 11^ (Bciuccn 11 li. S in. 

and 1 1 ft. 9 in,), 
nil < u' < \ \2\ (Weight of one hoy 

(0 the nearest pound), 
and 2^^ < ; < 2^ /Time for ihc san^e boy 

allovving an error 

of I second t'ither uay). 

Notice that 

(M^) X (1 1 i.i) ^ (1 1:;) X (1 12!) 

(550) X'(2t) ^ (550) X (2i) 

There arc opportunities for computational 
practice. The more students who compete, 
the more practice. Important mathemalical 
ideas are also involved. For example, the 
smaller the divisor, the greater the quotient. 

Between the two examples gi\'en, there 
are, of course, many of intermediate dif- 
Q 'ty. The idea is not to teacn physics, or 



surveying. It is, rather, to work with inter- 
vals in order to develop some appreciation 
of I lie elTect on the answer of approximate 
data. With such a background, it may be 
possible to get children to understand and 
appreciate the arithmetic of measurement 
as a shorter way to find answers ''good 
enough for practical purposes/' Working 
with approximations vud rounding answers 
is not really matbematics, it is a practical 
way to shorten calculations with intervals, 
Voii may want to think about the longer- 
range solution. If you buy the idea that the 
cornrt mathematical model for calcula- 
tions with measurements is calculations 
with inter\'als, you may wish to: 

1, Plan the first experiences with measure- 
ment to fit the realities of the situation. 
Have children measure — and record the 
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answer in the form 3 < ni < 4, rather 
than say "the length is 3." 

2. Use the students natural desire for 
greater precision to motivate the use of 
smaller units of measure, and, later, of 
common fractions and decimal frac- 
tions. 

3. Lead up very gradually to the idea of a 
real number as a limit defined by a set 
of nested intervals. For example, the 
number tt has been a source of great 
confusion. However, diildren accus- 
tomed to recording a measure as an in- 
terval should not fmd a set of intervals 
like the ones (hat follow surprising. 

3 < TT < 4 

3.1 < TT < 3.2 
3.14 < TT < 3,15 

The number tt is the measure defined 
by the ratio of the circumference to the 
diameter of a circle. It can be approxi- 
mated by intervals obtained by mea- 
surement and, later in the study c{ 
mathematics, by intervals obtained bv 
theoretical methods. 

4. Use the arithmetic of intervals as back- 
ground for the idea of a vector space. 



In this instance, notice that when you 
measure with an agreed-upon unit (hun- 
dreths of inches, for example) and re- 
cord a, /). . . . in terms of that unit, 
then for measures and m-, defined 
by a < nif < b and c < //Jm < 
a) = m.j if any only U a ~ c and 

/) = and 
h) nix + defined by a f c < niy 

-:- < b i- (i. 

c) For an inicger n, nnix is defined by 
?m < nm^ < nb. 

So this arithmetic of intervals is remark- 
ably like vector arithmetic. It has the 
additional, rather unique, property that 

d) is defined by ar < ffhtn^ < bd. 

Whether you seek a short-range or a 
long-range solution for the problem of 
making sense out of the arithmetic of meas- 
urement, I have argued that it will help to 
view a measure as an unknown element of 
an interval. I have suggested asking boys 
and girls to perform calculations with inter- 
vals. I have pointed out several advantages 
of such calculations. But, mainly, I claim 
that intervals provide a mathematical model 
for the arithmetic of measurement that 
contrasts with the rather sloppy, this- 
works-evcn-though-it-isn't-really-right ru- 
brics with w^hich we currently mystify chil- 
dren. 
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Metrication, Measure, and 
Mathematics 



ALAN R. OSBORNE 



TThc United States has achieved an en- 
viable industrial technology. The inter- 
changeability of parts, standardization of 
assembly-line procedures, planned obsoles- 
cence, commonality of marketing practices, 
and the enieiency of manngement that char- 
acterizes our industry have solidified a 
remarkable number of traditions as shown 
in Daniel Boorstin's The Ainencaiis: The 
Democratic Experience (1973). The per- 
vasive orientation to mass production and 
uniform consumerism has established mea- 
surement as a critical component of Amer- 
ican industry. The measurement units and 
procedures are an essential tradition of the 
mass-production, assembly-line techniques 
that characterize onr technologieaL indus- 
trial society. 

But this measure tradition has created 
an extensive problem for trade and, ulti- 
mately, our position of leadership in the 
industrial and commercial world. The rest 
of the world is metric. The economy of 
the United States is dependent on trade 
for owY continued health; it affects each 
o\ us. The sellers of gtn^ds manufactured 
in the United Stales are finding markets 
closed. Just a few years ago the benefit:; 
of expanded world trade did not outweigh 
the bother and the expense of converting 
to the metric system. Now it is necessary 
for the United States to shift from the tra- 
ditional, comfortahle English system to the 
metric systeni in order to enjoy the benefits 
of continued and increased commerce in 
manufactured goods with the remainder of 
the world. This is recognized and accepted 
by leaders in government and industry 
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(U.S. Congress Senate Bill 100). and the 
country is in the process of making the 
shift to the metric system. 

As conversion is instituted, the country 
and individuals face new problems and 
added expense. The comfortable intuitions 
and elTective estimations that are part of 
every adult's way of uTc will not apply. The 
wrenches and other equipment in the work- 
man's tool box will have to be replaced. 
In the same way, industry will need to 
retool with considerable inconvenience and 
expense. Measures in the comfortable Eng- 
lish system will become anachronisms — 
useful perhaps as literary referents of .sym- 
bolic value — but this is an adult problem 
and not the problem of a child who will 
finish school and move into a metric world. 
The child should not be bound by the in- 
tuitions and traditions of heritage that 
adults possess. 

The task of this paper is to consider 
implications of the conversion to the metric 
system for the schools. As such, it will not 
argue the eiViCncy of the conversion; this 
is well documented and discussed else- 
where (in publications such as De Simonc's 
A Metric America: A Decision Whose Time 
[fas Coffie, 1971). The advantages arc 
clear. It behooves the schools not to make 
a big fuss about conversion but rather to 
treat it simply as the down-to-carth act of 
reasonable, intelligent people. Othcrwi.sc, 
we run the profound risk of helping chil- 
dren anticipate nonexistent difficulties in 
handling concepts and processes of metric 
measurement within the metric system. This 
is not to say that there arc no difficulties 
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in tlic tcachini^ and learning of measure- 
ment. Rather, the dinicuities are not at- 
tributable to the conversion to and use of 
the metric system. Indeed, measure con- 
cepts do provide major diiViculty for teach- 
ers and for children. The fact that most 
beginning physics courses at the college 
level devote extensive amounts c^f time to 
the teaching of measurement is testimony 
to dirticulty in establishing measure with 
children. This is to say that ccMisiderable 
attention need he given to considering the 
problems of teaching measurement in tlie 
schools. Ciiven the fact diat conversion to 
the metric system will entail modifying 
currieular content, we suhmit that the time 
is opp(>rtune for us to adilress basic [prob- 
lems of improving the teaching of measure- 
ment. If the content and measurement 
activities and currieular design must be in 
terms of a dilTcrcnt system of measure- 
ment, should we not also modify the nature 
of the pedagogical design to treat ditlicul- 
ties in learning nieasureinenl? 

The move to the metric system pro\ides 
throe dilferent but not unrelated opportuni- 
ties to modify the currieular and pedagogi- 
cal design of teaching measure. Each of 
these will be discussed here in terms of 
suggesting important characteristics of mea- 
surement that need to he established with 
children and highlighting some problems 
and unanswered questions about learning 
measurement. First, the nature of measure- 
ment in the mathematical sense will be 
contrasted with the nature of rueasurement 
in the scientific sense. Second, the psychol- 
ogy of measure learning will be discussed. 
Finally, the problems and procedures of 
estabhshing a metric intuition will be con- 
sidered. 

The nature of measure 

A student teacher in an cighth-grade^ 
mathematics class faced the task of plan- 
ning lessons about measurement for his 
class. Vic looked at the pages of the text, 
which contained sucli words as "relati\e 
error," and "accuracy." Turning to his 
supervising teacher and displaying dismay, 
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he stated, 'T thought 1 was going to teach 
mathematics. This looks like physics. 1 
chose not to luajor in physics because 1 
liked mathematics best. Now what is this 
business of teaching science? Shouldn't this 
be the responsibility of the science teachers? 
It certainly is in the science texts and cur- 
riculum." The supervising teacher hesitated 
and said, "I have often thought the same, 
I teach measurement because it provides a 
lot of opportunity to provide children prac- 
tice with fractions — converting between 
English units is a good, relevant context 
for drill in multiplication and division, I 
also no'ice that my children have trouble 
wifh uKasurcment, and they will need these 
skills later on in life." 

There is an element of truth in the 
remarks of both the student teacher and 
his supervisor. Measurement is a scientific 
process and skill. Children do need these 
processes and skills, Premetric curricula 
can be rationalized in terms of a relevant 
context for drill in handling fractions in 
conversion between units, but analysis of 
measurement with a broader perspective 
indicates a nuich larger potential than in 
either of these points of view. First, mea- 
surement does provide one of the best 
environments tor establishing the concept 
of a niathematical model, one of the pre- 
miere and most productive concepts of 
modern mathematics. Second, the processes 
of measurement are firmly based on the 
concept of function. A functional approach 
opens \ istas of power in using the measure 
processes. 

What is measure? 

Teachers of mathematics arc often con- 
fused about the goals and objectives of 
teaching measure concepts and skills. The 
confusion stems partly from not possessing 
a clear conception of the distinctions be- 
tween mea,sure in science and measure in 
mathematics. Lacking a clear perception 
of the diflerences and distinctions, teachers 
find it difllcult to design productive in- 
structional materials and to plan efTcctivc 
teaching strategies. The difficulties for 
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IcariKM's stL*m from tlic ambiguities arising 
from the common words and parallel proc- 
esses used by scientists and mathematicians 
in describing and talking of dilTerent con- 
cepts and goals. 

The scientist has a dilTerent iioal in 
using measure than the mathemat!ci.»n. He 
is attempting to describe reality i:ap.''ully 
and precisely in order to predict fuiure 
events — he is building a model of reality. 
This mav be illustrated as follows: 



I'he model is a system of concepts and 
propositions representing reai't /. ConHicts 
within the system predict how reality will 
behave. The soundness and usefulness of 
the model as a description o'' reaiiiy is 
determined by the correctness of the pre- 
dictions. 



Prccliclion of an c\cni 
u iihin real its 



(Koa!ity) > 



(^ccuricnLC or nonncciirroncc 
of (he oven I 



If the predicted event takes place, then the 
model 'Tits" reality and has a degree of 
soundness and usefulness. If it does not 
occur, then the model does not *MU." 

The building of models depends on 
many inductive and observational proc- 
esses. The matching of the model t(^ reality 
is strengthened if n mathematical matching 
can he achieved. This means providing a 
foundation of measurement — a quantifica- 
tion of quantities and phenomena — for a 
base of comparison for the nKxlel. One 
critical process in assuring a good fit of the 
model into reality is the seicnti. t^ mea- 
surement process. It necessarily depends 
on and involves observation and is, eon- 
O subject to error. 
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Suppose, for example, a scientist desires 
to build a predictive model for the expan- 
sion of a metal rod, as a function of 
change in temperature. Verifying the pre- 
dictive rule (a part of the model) depends 
on accurately ascertaining the length of the 
rod under two ditTerent conditions of tem- 
perature. (See fig. 1.) The scientist must 
place a ruler such that a point of the ruler 
falls on point A. This requires judgment 
and may introduce error into the system. 
The scientist then observes where point B 
falls on the scale. If he observes that /i 
falls between 8 cm and 9 cm, he must 
decide which is closer to point Again 
judgment, and, necessarily, error is intro- 
tluced into the system, and this process 
must he repeated for the other temperature 
condition. The .scientist may improve his 
judgment by using a more fmely graduated 
'.•ale or by introducing some other observa- 
lionul techniques that refine his judgment. 
He then applies the rules of the mathe- 
matical system to the model and establishes 
his predictive rule. The reasoning may in- 
volve mathematical observations, such as 
multiplicatii^n and addition, that have the 
potential for magnifying the elTcct of errors 
in the observational process. 

Error in scientific process or in the use 
of models can be made in another manner 
— perhaps the internal structure of the 
model has flaws; the reasoning may not be 
valid or may lead to inconsistencies; in- 
appropriate rules may introduce systematic 
errors leading to useless rules that do not 
predict the event accurately when the 
scientist verifies the rule. Correctness within 
the reasoning of the model is the concern 
of the mathematician. He operates within 
the model by providing the syntactical 
rules that govern the appropriateness of 
operations and the relations between op- 
erations within the system. Indeed, for the 
mathematician the model assumes a reality 
of its own. and he may not even care 
whether there is a corresponding reality. 
He is concerned only with internal con- 
sistency, validity of the reasoning, and 
whether solutions exist for problems within 
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the nioelcl. The scientist is concLM*iK\l with 
wlicthor or not [\w system will fit into 
iv;i!it\". Carl .AlIondtKM I'cr's article for par- 
ents — "The Nature of Mathematics" 
f \ prtn itles a .straiiihtt'orward analy- 

sis of (he types of ihinkiiiL: that are usclI 
in IniilJing mathematical models. 

Most people do not ofX^ate as either 
jiisl tiic malliematieian or just the scientist 
— our wi'jrkl oi mathem;ilics and science is 
not so iL!eai!7ed. We not t\[Meally con- 
cern om'solvcs with hiiildin^ an accurate 
"tit" of a nKuiel into reality with mathe- 
matics. Rather, we take pre\iou.sl\' de\'cl- 
oped. intact, .systems or nuKlels and use 
them. The measure concepts and opera- 
tions withiii I-uchdean plane geometry are 
an example of such an intact s\stem. Con- 
secjuently. we are concerned with both 
estafilishing measurement as a series of 
obser\'ational processes and usinij measure 
within th: intact model. 

The child needs to ciMisidcr measure 
lYtMii the standpoint of both the intact 
system anv.1 tlie observational processes. He 
needs to deal with, accept, anil incorporate 
the intact system so that he may work 
within the world of future mathematical 
learnings. He needs the obser\'ati(Mial proc- 
esses in order to learn future scientific con- 
cepts and because this is the sort of mea- 
sure tiiat he will fiiui most practical in his 
adult life as "the man on the street.'* [3ut 
these j'^rocesse^ and intact s\stems also 
provide the chi!d with some of the skills 
and understandings necessar\- for coping 
with measure Knlay as well as in future 
adult life. "ITc child needs measure to 
quantify hi-: world, [o make mathematical 
as well as \'erhal descriptions of his en- 
vironmeni. Measure and measurement con- 
cepts give the child (he means of describing 
^he work" ..bout him. 

ERIC 



Length 

The example of a scientist determining 
the length of a rod was fraught with obser- 
vational diflicultie.s, 'f'hese could not be 
ev aded and required judgment on the part 
(^f the scientist. Necessarily, error and in- 
exactitude were involved. Length in the 
model system or in mathematics is noi sub- 
ject to ^observational dilTicultics; it is exact. 
Corresponding to a pair of points A and 
B is a siii'^lc real number that is called the 
distance from A to That is to say, dis- 
tance is a functiim that maps segment^ oT 
a line into the set of real numbers. 

The distance function may be defined or 
characterized several difTcrent ways de- 
pending on the particular axi(Mnatic struc- 
ture used io describe geometry. Tlie clas- 
sical a.xiomatization of Fuclid, the structure 
for the usual Cartesian coordinate system, 
and the intermediate coordinatization ex- 
em pi iiied by S.MSCrs grade-len geometry 
ctnirse each provide variations of the de- 
fining characteristics of the distance func- 
tion and the restrictions to which it is 
subject. Usually, the axiomatic structure 
of geometry in elementary and junior high 
scbtiol mathematics texts is implicit rather 
than explicit. Rather than being concerned 
with the niceties of the restrictions imposed 
on the function by the axiomatic structure, 
authors emphasize the characteristics of 
the distance function that hold for each of 
the implicit axiomatic structures. These 
common characteristics are precisely the 
*'big** ideas that a student needs hn future 
encounters with more formal treatment of 
length. They provide the organisation of 
his cognitive structure that assures readi- 
ness and receptivity for new concepts. 

L-ct us examine the distance function 
with the intent of identifying some of these 
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iniportuni chal■actJri^lics. In tlic nKinncr ot" 
the wrilLM's of elementary and junior hieli 
sehool texts, we will not j^rovide an ex- 
plicit description of the axiomatic struc- 
ture of iicometry. Ratlier. the distance 
concepts spelled out he low hold in any 
Euclidean context. The intent is not to 
protluce a minimal, independent, descrip- 
tive set of statements but to identify a 
suilieiently comprehensive set of primitive 
length concepts to allow the student the 
power to deal with most situations. 

W'e define the distance function d in 
terms of a set M of sediments on a line. 
The function J maps elements of A/ into 
(he set of nonnciiati\-c real nuiTihers. W'c 
write: 

\{a). (!: M R '\ or 

\{h), ihA. /HG where A and /^are 

the endpoints of the line segment. 

In the more leisure!}" paced de\elopment 
of school mathematics, the luxury of a 
less complex niHation is typical. Distance 
is labelled simply as niAH or AB. This de- 
velopment uses the functional notation to 
Cfiifihasi/e the functicmal character of dis- 
tance and because the d{A. B) notation 
allows a more precise rendering of the 
primitive ideas that, taken together, con- 
stitute distance. In the notation diA, B). 
the (I names the functional rule, the argu- 
ment /I. B indicates the segment endpoints 
in order (we are ecMisidering the distance 
from A to H) and the entire symbol 
cl{A^ B) is the real number signifying the 
distance. 

The distance function needs some other 
properties if it is to be sutlicientiy powerful 
to treat the usual problems encountered in 
scho(^l mathematics. In order to strengthen 
the functi(MT, some rather ohvicnis char- 
acteristics arc needed — the sort that arc so 
obvious to the experienced adult that it is 
easy to overlook establishing tbcm In the 
clemenlary scliool classrcHmi. but the dis~ 
function is not complete v;ithoi.t 
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these primitive concepts. We state them 
first in the functional notation: 

2. (I (A, B) = (/(/?, .'I ). The distance 
from a fust point to a second is the same 
as the distance from the second to the first. 

3. If J{A^ B) = 0, then A ^ B. and 
cofucrsc ly. If the distance between two 
points is zero, then the points named by 
A and B are not different but the same. 
The *\ind conversely'' indicates that the 
distance from a point to itself is zero. 

4. If B is between A and C then <I(A. B) 
-r- (1{B. C) --^ (l(A. C), This assures that 
if two segments are laid end to end on the 
line, then the sum of the length of the 
segments is the number nanung the length 
of the union of the segments. 

5. If B is between A and C. then a 
whole number p can be found such that 
nUKA. B)] > (!(A. C). This may be 
translated to sa\' that if segment AB is a 
part of segment AC, then it may be copied 
enougli times to go beyond C on the line 
(see fig. 2^. .A mathematician would state 
that this makes our geometric space .Archi- 
mcLlian. 

A B C 

p copies 

6. If segment AB segment CD. then 
(1{A, B) ^ J(C D). and conversely. This 
says that segments that are congruent have 
the same length, and if two segments are 
the same length then ihcy are congruent. 

When taken altogether, these properties (I 
through 6) constitute the idea of distance 
on the line. This complex of ideas provides 
the intuitive insights each student should 
acciuirc in matriculating through school. 
But are these characteristics best acquired 
by providing experiences with them sepa- 
rately, or should the ycning child cnccnintcr 
them en masse? .Many children's early en- 
counters with measure arc in terms of com- 
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putaiioiKil tornuilac. These formulae anc! 
experiences subsume and tiepcnd implicitly 
on the six primitive properties stated above. 
Consequently, the ideas are nuiddled to- 
gether rather than providing the child op- 
erational control and understanding of 
each property. Because they arc so obviou'^. 
to the adult, it is easy to overlook the prob- 
lem of the child who has didiculty with one 
or more of these ideas. 

The distance function is frequently 
"strengthened" b\ imposing a coordinate 
system on the line to turn it into a num- 
ber line. A function is used to map the real 
numbers onto the number line in a (Mie-to- 
(Mie fashion. If c is such a coordinatizing 
function ajul -1 and B points of a line /. then 
iliA, B) C(/n -- 4 {A) . This assures 
that the number line is dense, (udered, and 
.Arehiniedian. (By dense we mean that 
between any two points a third can be 
found. ) 

The ruler-placement postulate of sc\crai 
geometry texts currently used in American 
schocMs describes implicitly a coordinaiiz- 
ing c function. The label "*rulcr placement" 
is suggestive of the close [larailel between 
the physical reality of the use of rulers 
and actions with rulers but is actually a 
descrifHion of the ideal world of mathe- 
matics within the model of reality. Use of 
the descriptive ^Miilcr placement" label uia\ 
well obscure the distinction between physi- 
cal reality and the world of mathematics. 

Coordinate systems are intrinsic to most 
adult experiences with measure. Typically, 
coordinates (^r scales provide the base for 
comparisiMi of size. Most con\crsions from 
one measure svslem to another are based 



on the .scales posscssirig properties 1 
through 6. Whether within the metric sys- 
tem or between the metric and English 
systems, the shift from one scale to another 
involves the same type of transformations. 
Most commonly, the transformation is sim- 
ply a dilation, a stretching or shrinking, 
caused by multiplying each number of the 
origural scale by a positive real number. 
Converting a meter scale to a kilometer 
scale is accomplished by multiplying each 
coordinate on the meter scale by 1 ./lOOO. 
Note the transformation simply relabels 
points. The shrinking is only apparent be- 
cause of the relabeling. The point is that 
the mathematical principles arc the same 
whether the conversion is within oiie sys- 
tem of measure or whether it involves both 
the English and metric systems. Many stu- 
dents have become so bogged down in the 
compulation associated with c(mi version 
thai they have missed the basic idea of the 
transformation. 

The con\ ersion of one temperature scale 
to another illustrates one more transforma- 
tion that is sometimes employed in conver- 
sion, namely, moving the zero point bv 
shifting or tnmslaiion. Both translation and 
dilation are used in this cc>n\'ersion. Sup- 
pose a line is labeled to serve as a model 
for P""ahrenheit temperature. This is a co- 
ordiuaiizalion of a line. By subtracting 32 
from each cocjrdinate. we can shift the 
coordinate system. Multiplication of each 
coordinate by 5/9 shrinks the scale such 
that we have established a new coordinate 
system, one which serves as a model for 
Celsius temperature (see fig. 3). 

.Ml that has been accomplished by these 



0 32 212 Fahrenheit 

■i shifted by subtracting 32 

-32 = (0-32) 0= (32-32) 180= ^212 - 32) 

slnrunk by multiplying by 5/9 ^gigj^g 
-17.78 0 = 5/9 (O^ 100 
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transformations of strctcliing or shrinking 
(dilation) and siiifting (translation) is con- 
version from the Fahrenheit scale to the 
Celsius scale. Since each transformation is 
one-to-one and onto, the process could be 
reversed to derive the Fahrenheit scale 
from the Celsius scale, 

The transformations of dilation and 
translation provide the mathematical means 
of converting between the measure scales, 
Dilation, the nuilliplication by a positive 
real number, is messy in the English sys- 
tem, with fractions such as 1/12, 1/36, 
and 1 /528(), and with whole numbers lead- 
ing to comparable computational drudgery. 
A primary pnyolT of conversion lo the 
metric system is that dilation is always in 
terms of multiplying by a power of ten. 

Conversion from one measure scale to 
another is an exceedingly useful property 
of a measure system. Dilation and trans- 
lation do not alter the basic properfies nf 
the underlying coordinate system t'ui is 
the scale. The ratios of distance^ (ween 
points labeled in one system arc . same 
as the ratios of the distances between the 
points in the other system. That is, the 
ratios are invariant under the transforma- 
tions of dilation and translation. The meas- 
ure systems most commonly used by scien- 
tists and by the man on the street possess 
this property of in variance. Such measure 
coordinate systems are frequently called 
ratio scales. 

The distance function was established 
above in a peculiar manner so that it would 
he exactly analogous to children's first 
classroom experiences with measure. The 
peculiarity is that the domain c^f the func- 
tion is restricted to a single line; that is, 
any measuring must be done on a single 
line. Children's preliminary work in the 
early grades with number iincs and with 
rulers is typically so restricted. Perhaps 
again because it is so obvious to adults, it 
is easy to overlook the diHicuhies in mov- 
ing from measure in the one-dimensional 
space of a single line to the more advanta- 
geous situation of measure witiiin two- and 
three- dimensional space. Rather than care- 
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fully developing the mathematics of a more 
general length function, four specilk prob- 
lems of moving from the distance func- 
tion — with limited domain and restricted 
applicability in the world of mathematical 
models — to the more general concept of 
length will be highlighted. 

Problem /, How can lengths of segments 
on two dilTerent lines be compared? In 
figure 4, is /nCD greater than, equal to, or 
less than ?;lT5? 




Fig. 4 



The nature of the problem requires that 
a relationship be found that will connect 
the distance functions for line k and line /. 
The critical characteristic of segments that 
needs to be established is that all congru- 
ent segments have the same measure 
whether they are on a single line or not. 
We note that property 6 of the distance 
function is the parallel of this problem but 
is restricted to a single line. Indeed, as an 
idea, the single-line case is contained in 
the new property apjilying to more than 
one line. The particulars of the mathe- 
matics of establishing that the congruence 
relation partitions the space into equiva- 
lence classes of line segments will not be 
addressed. Rather, the point of this dis- 
cussion is that the analogue of the mathe- 
matical problem is not intuitively obvious 
to all children as Piaget's seriation inter- 
v:ews show. This problem of mathematics 
reeds lo be addressed as a learning and 
teaching problem if children are to under- 
stand the concepts of length. 

Frobieni 2, How docs one fmd the length 
of a broken line segment? That is, given a 
ngure like figure 5, how can one assign a 
number that will give the length? 
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Ultimately the solution of ibis [iroblLMii 
provides tlie capability of cumputing the 
perimeter of polygonal figures. By using liie 
solution to the first [iroblem and allowing 
ourselves to add the distanees for each 
segment, we can com put-: the length of the 
broken segment. Careful treatment of this 
problem v/ould retjuire a mapping from the 
set of all broken segments to a single line on 
which we could appily the distance function d 
(see tig. 6). We would need to defme our 
mapping neatly lor each segment so that the 
UMip of /i, the endpoint of segment AB, and 
the map of the endpoint of segment IK\ 
would fall on the same point B of line /, so 
that the images of the segments overlap in 
no odier points ii\k\ so that the length of an 
image segment is the same as the length of 

n i: 

i 1 . I ..../ 

.A B (• /) 



up a bendable number line and laying it on a 
broken segment. The experiences should 
address helping children acquire a feeling for 
the consi:rvation of length under the trans- 
formation, but it is much easier to focus on 
the outcome, namely, that we can find the 
length of a broken segment by sun^.ming the 
distances of the segments making up the 
broken segment. 

Prohlcfu 3. How does one determine the 
niinimal distance between two points? \n 
figure 7. is d(A, C) < d(A, B) + C) for 
any point B /? 

B 

-A 

^ ■ \ 

C 

I-i-. 7 

The solution of this problem is generally 
accomplished by assuming an additional 
e ha raet eristic for d, namely, for any three 
ptiinis of the space /I, and C, J (/I, C) < 
(liA, B) f- diH, C). Note that this 
statement encom [basses the single-line case. 

ProhU'/fi 4. Yhc final problem is more 
eomplcN. We would like to be able to deter- 
mine the length of cur\'es in space. Given 
a eur\e !', as in figure 8, how eim we deter- 
mine Us lenulh? 



the (M-iginal segment. This is similar lo 
assirming a nonstrelehable string is on the 
broken segment ABCDE and is moved to 
the line / on which we can apply the dis- 
tance function. We sIkhiUI restrict this 
mapping apply to onlv a fmite number of 
segments constituting the broken segment, 
leachers need to provide children with a 
variety of aeti\ities transforming broken 
segments onto a eotM'dinati/ed line. This 
may be as .simple as constructing a broken 
segment with strung-together soda straws 
{o be [licked U[i and juxtaposed against a 
number line tM- the re\'ersc, which is fMckimi 
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Solution of this problem is necessary If 
we are to be able to find the eireuniference 
of circles, the length of a portion of a 
parabola, and other such problems in 
which the figure is not a broken line. Solu- 
Ur.n of this problem requires a more refined 
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ticaimcnl of broken linj scgmenis in order 
to gcncnilc the set of all broken line seg- 
ments lluit approximate tiie eurve so tiiat 
limit or boiintling processes may be ap- 
plied to the set. Children can gain some 
insight into the limit processes involved by 
comparing the measure of a curve formed 
by a jumping rope placed on the tloor with 
approximations made by fust using five- 
centimeter sticks and then using decimeter 
slicks. A careful mathematical solution to 
the measure of curve length tnay be found 
in A. L. Blaker"s Malhcnuuical Concepts 
oj Elcfnentary M t'cisurcnient (1970). 

This concludes the mathematical de- 
scription (^f distance and length. The de- 
scription depends on ilctcrmining a char- 
acteristic function, ihe distance function 
(L and then exploring carefully the prop- 
erties desired for this function. Primary 
among these properties were those relating 
the joining segments and addition, congru- 
ence and having the same measure, and 
finally comparison. 

The distance function and its deiining 
properties are ubiquitous in that they 
permeate the world of this mathematical 
model and their analogues are those used 
and observed in the world of physical real- 
ity. They are obvious; but therein lies the 
ditlicully in working with the young child. 
As adults and teachers, we possess a global 
gesJall of the distance function and its 
properties. Since the analogues of these 
properties are present within the world of 
physical reality, it is easy not to give them 
singly the attention they need if they are 
to be accjuircil by children. The implica- 
tion for teachers in pilanning for instruc- 
tion is that activities for each property need 
to be sought and included within the child's 
preliminary experiences before stressing 
the computational formulae for length and 
distance. 

The characteristic that has no analogue 
in the world of physical reality is that there 
is a single, unique number called the dis- 
tance between two points in this ideal 
world of the mathematical model. How- 

Q he phvsical world of observation 
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with the inexactitude of ruler placement 
and reading oflers no such succor to the 
learner. 

Area 

7'he idea of area is mathcnialically simi- 
lar to the idea of length. There is a char- 
acteristic function for area just as for 
length. It possesses defining properties 
some of which are similar to the defming 
properties for the distance function. Ana- 
logues of most of these properties are evi- 
dent in the paralle! world of physical real- 
ity. These primitive, defming properties on 
which a full-blown area function is built 
are often slighted by a too rapidly paced 
instructional sequence to the familiar form- 
ulae for ligures such as squares, triangles, 
cmd rectangles. The primitive subconcepts 
constitute the important intuitive founda- 
tion for the children's acquiring the com- 
putational formulae. 

The domain of the area function is lim- 
ited initially to the most simple case, 
namely, the set of all polygonal regions, 
.A polygonal region, such as the one dis- 
l^laycd in figure 9, is a closed, broken line 
segment together with its interior. The 
figure may be cut up or partitioned into a 
fmiie number of triangular regions by con- 
necting appropriate \erlices with straight 
line segments. We shall label the set of all 
polygonal regions R and all elements of 
the set /-. 

n I) 

c 

E 

f-ii:. 

The area function A associates a sini^^lr 
positive real number with each polygonal 
region We write: 

1(a). A: R ))l \ or 
1(/)). Air) e 'M ' • 
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Among the several primitive, defining 
properties for the area funetion that arc 
similar to the distance-function properties 
is the one concerning the areas of con- 
gruent regions. For the distance function, 
we require that congruent segments be as- 
sociated with the same real number. Anal- 
ogously, the area function maps congruent 
regions to the same real number. We write: 

2. If and r, G -Iv ^md /■, ~ r,, then 

For the distance function, if cI(A, B) = 
<r/(C, D), it could be concluded that .TB ^ 
CD, but the area function does not behave 
so nicely; equal areas are not necessarily the 
result of the area function applied to con- 
gruent regions. A rectangle that is 2 units by 
8 units lias the same area as a triangle with a 
base of 4 units and an altitude of 8 units. 
The area-measure characteristic function 
possesses unique deilning properties setting 
it apart from other characterizing functions. 
The area function, like the distance 
function, needs a mechanism for associating 
a number with combinations of elements 
from the domain. The join of two non- 
overlapping polygonal regions should have 
the same area lumber iis the sum of the 
area numbers c f the two regions. That is; 

Ma), If G ^ iunl /', and r, share 

only points of their boundaries, then 

Piaget\ observations of small children sug- 
gest that ihei- acquiring a feel for the sub- 
tractive vers- on of this property is a key 
element in heir forming an cipcraticinal 
foundation f )r area. This subtractive ver- 
sion is, nimn ly : 

3f/)). A(r,y^jr.,) - A(r,) A(r,], 

This proper y of joining regions and the 
previous {in-perty concerning congruence 
provide a necessary, logical foundation for 
examining area in terms of iilini,', or cover- 
ing a large region with uniformly sized 
pieces and counting ihem to ascribe a num- 
ber as area to the entire reuion. 
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The three primitive properties of the 
area function that have been specified do 
not provide a means of associating a num- 
ber with a region. Instead, they provide 
rules that this function must obey when 
given a rule for association. Typically, two 
dilTerent rales for assigning numbers to 
regions are used and intermingled in texts. 
One is the unit approach, which is a 
necessary component of the tiling, or cov- 
ering, approach discussed previously. It 
simply identifies a standard unit with a 
particular region. This is usually a square 
with a side of length one unit. 

4(c/). If a square, .v,, has side of length 
1, then A{s^) - 1. 

This provides a means of assigning areas 
to all polygonal regions if suitable theorcn^s 
relating difTcieiu types of regions are de- 
veloped. We need, for instance, to relate 
the area of a square with side different than 
one to the area of the unit square. The 
areas of other polygonal regions, such as 
rectangles, triangles, and trapezoids, need 
to be related to the square. The unit length 
tif the side provides a means of tying area 
to the real numbers, yielding severiil nice 
properties, such as order. 

The tiling, or covering, approach based 
on the unit measure ultimately forces the 
learner to cope with [iroblems of incom- 
mensurability. The fundamental idea of 
covering is simple and intuitive. This is not 
so for the ideas involving incommensur- 
ability: the concepts involved require 
cc>nsiderable mathematical maturity and 
sophistication. Rather than face these so- 
phisticated concepts directly, most texts 
elect to step around the problem by in- 
corporating an equivalent approach that 
provides a more direct connection with 
the real numbers. We state that for a poly- 
gonal region that is a rectangle: 

4(h). If /) is the length of the base of a 
rectangle r. and li is the altitude, then 
A(r) ~ hh. 

This provides an inuucdiate association of 
all rectangular figures with real numbers 



MHTRICATION, >. i T 



'^'URl-:, AND MATHHMATICS 



wiihoul our having to impose- the :imit 
processes necessary in cleveiop"iiz version 
4({/) carefully. It should be 'loted that 
4(a) and 4(/>) are mathematically eqaiv '.- 
lent; one can be deduced from the othc;. 

Three comments are in order. First, we 
typically concentrate our instruction on the 
nuintK-r liuU vvc a:;soci:ile with each poly- 
gonal region rather than the funciio;^ ' iilc 
or association itself. Classroom talk ab(nit 
the area of a rectangle of sides six units and 
five units identilies the [irea as thirty area 
units. This labeling of the result of the 
compulation, or the ra/ii^c valu(\ as the 
area function ignores the mapping. It is 
appropriate to label the result — thirty area 
units — as the area, but the function and its 
primitive, defining characteristic are a por- 
tion of the foundational intuition that each 
child needs. 

Second, the careful niathemalician wcnild 
want to prove that if a polygonal region is 
cut up or partitioned in two ditTcrent ways, 
then the same real number naming the 
area results. For example, if the pentagonal 
region in figure 10 were to be cut up first 
as shown by the dashed lines and second 
as shown by the solid lines, the mathe- 
matician Would deem it necessary that the 
area function applied to the three triangles 

I) 

■ ' ' ■ ' ■ 
t 

1 

i-y -i.: ■ ---^-c 
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fr(M}i the dashed-hne partitioning give the 
same nun^bcr as the a/ea function applied 
to the five triangles from the .solid-line 
O )ninij. Tliis desire for unicjueness on 
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the part of a mathematician appears strange 
to many individiuils because it seems so 
obvious based on our experience with 
measurement in the real or scientific world. 
It takes just so much paper to wrap a 
rectangular box, no matter how we cut it 
(HU (see lig. II). 'I'his is another case in 
which an ;idult assumption leads to ignor- 
ing the need to provide a child with foun- 
dational, intuitive exjvriences. 
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Third, the choice of an area unit, be it 
explicit as in 4{{/) or implicit as in 4{/>), 
is arbitrary. We could ha\e selected a unit 
triangle, a unit hexagon, or even a circle, 
although we would ultimately have to deal 
with the same problems for polygonal fig- 
ures. The choices of 4(ci) and 4{h) have 
an ad\'antage in that they provide almost 
immediate access to solution of several 
I'lmdamental problems concerning the area 
function and because they parallel so di- 
rectly the instructional sequence of most 
texts. It should be noted in this context 
that Euclid's treatment of area did not in- 
\ol\'e a characterizing measuring function 
tliat depended on the real numbers, ft also 
did not provide the same direct tie to the 
measurement of distance on a line. 

The domain of the distance function 
was extended to encompass length in the 
j^lane and the length of curved lines. In 
an analogous fashion, the area function 
requires an extension of domain in order 
to treat areas of closed figures that arc not 
polygons. We need to be able t(^ apply our 
function to circles. cHipscs. cardioids. imd 
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(Hhcr such figures, iuul, us in the case o\' 
the length function, we need to also ex- 
tend liic area functitMi to treat areas ncn 
ctMUained in a single plane. As in the case 
of the length of curved lines, the prtibleni 
is solved hy appl>'ing limit prcKCsses ap- 
propriately. 

In sunim;iry, area measure is a function 
cliaracteri/cd by mapping closed figures to 
tile positive real numbers in such a way 
that ciMigruent regions ha\e equal areas. 
A jtnning of a finite number of nonover- 
lapping regions produces an area equal to 
adding the areas of the regions, imd a rule 
stating s[K'cifically hcnv the real number 
naming the area is [')rcHluced. As in the 
case of the lengtii function, the priiiiitive, 
defining characteristics are a necessary part 
of the foundational intuition that cbildren 
need. These defining characteristics are so 
obvious to experienced adults that they are 
frctjuently overlooked in designing instruc- 
tional sequences. The primitive, defining 
eharaeterislics are paralleled in the leal 
world that the mathematics models. 

The properties that were encountered in 
area and in length are nicely parallel. In 
each case there is a de lining functitm. Each 
function has several characteristics in com- 
nuni (see table I ). 

Volume 

riie mathematical model for the measure 
of volume shares many characteristics of the 
distance and area functions, Volume measure 
is a function V that assigns to measurable 
sets in three-space a positive real nvimbcr. 



Children need experience with priir.i- 
tive subconcepts of volume measure 
paralleling those appearing in the table 
above, namely the concepts of congruence, 
additivity, unit, and ct>mparison. Rather 
than explicating these concepts in terms of 
the characteristic function 'C. it sulV.ces to 
note (1) that children need experiences 
directed toward the attainment of these 
primitive subconcepts and (2) diat the 
problems children encounter elose'.y parallel 
the diHiculties with the anaUigous sub- 
concepts in other measure .systems. It 
should be noted that children acquire the^^c 
subconcepts for dilTerent measure systems at 
difi'erent points in time mosi children do 
not attain additivity (con^vcrvatitm) for 
volume at the same time they attain addi- 
tivity for distance. 

The experiences that h.ne been iVuind 
to facilitate children's attainment and ac- 
cjuisititm of these primitive subconcepts 
demonstrate a close comparability to those 
needed for the analogous concepts in other 
measure systems. I1ie use of blocks [o 
build vt>lumes in a fashion similar to the 
use of area units as coverings for polygonal 
regitMis can strengthen children's intuitions 
for the unit, additivity, and congruence 
subeonce[its. 

Volume does present some unique prob- 
lems corresponding to one subconcept 
with no exact analogue in length or area 
measure, The problem is the measure of 
irregular \cilumcs. Nice parallelapipeds 
present relatively minor d i 111 cu Hies mathe- 
matically. The characteristic volume func- 
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The join of iwu nonoviTlapping sceiUL-ias 
ha» the s;Hno niLasuri' as the sinn of ihe 
nicasiircs ol' the iiuli\i\liial sogniciils. 

1 lie coorilinaii/iny of the line provides 
ttie unit needed to assign a measure to a 

Segment A '■' segment B means 

iliA) < ihli) from ihe triangle inequality. 

Congruent segments have the same 
measvue. 



The join of two nono\ erlapping regions 
has the same measure as the sum of the 
mea-.ures of the individual regions. 

A unit is needed to assign a measure 
to u region. It is usually derived from a 
rel:tted distance t'unclion. 

Ru'Liion \ ' " reuion Y means 
A,\) < . /( )'). ^ 

C t^ngruent regions have the same 
r.K'iisure. 
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lion assumes its uniqueness llirougli llie 
principle of ( uv:i]ieri. Cavalieii's prin- 
eiplc may be exemplified as R^llows: Su[)- 
pose you have a deck of playing cards as 
pictured in figure [2(a). Tlie deck is 
''pushed'' as shown in figure 12(h). 
Cavalieri's principle asserts, informally, 
that although the conformation of the solid 
has been changed through parallel dis- 
placements of the points in planes, the vol- 
ume is unchanged. 




This primitive concept is necessary ft)r 
the full development of volume measure 
and for the deduction of computational 
formulae ft^r many shapes, but note the 
complexity of the statement. Fortunately, 
the concept is ni(^rc simple for children to 
appreherui than to state. It is a Piagetian 
conservation concept. Children need expe- 
rience in deformation of solids embodying 
tlic Cavalicri principle. For instance, take 
a Slinky (one of those coils of spring steel 
thai children like to run downstairs) and 
lill it with peas. Remove and ccnmt the 
peas. Deform the cylinder of the Slinky 
by pushing, and see whetlier it will hold 
the same number of peas (be sure the 
Slinky does not stretch in length). The 
Cavalicri principle provides a unique con- 
servation principle that children need to 
acquire. Ultimately, the Cavalicri principle 
is realized in terms o\' being able to find the 
volume by multiplying the area of any cross 
section parallel to the base of a cylinder 
by the cylinder's height. Similar to area 
measure in that the volume measure de- 
pends on measures of lesser-dimensioned 
space, the Cavalicri principle provides the 
tie to the area and length functions. 

The treat n)cnt i^f volume suggested by 
■'^ 'orc^oini: difl'ers substantiallv from 
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what ha[)pens in many elementary school 
classrooms today. It suggests considerable 
experience in examining rectangular solids 
ft)rmed by stacking blocks and determin- 
ing their volume. It suggests deftn-ming 
these volumes in prescribed ways to cm- 
phasi/.e the subeoncepts. Mc^st early in- 
struction in N'olume, liowe\er, comes 
through experiences with liquid measure. 
F.xperience with liquid measure is impor- 
tant, but children need experience with 
both \olume of solids and \olume o{ 
liquids. .At some point, the child will need 
to relate liters to cubic decimeters. The 
ei^ncept i^f liquid-volume measure appears 
to be easier for the child to acquire. The 
junior high school child frequently finds 
himself being introduced to \olume of 
solids with little intuitive experience except 
for the presumption that volume of solids 
"bcha\es" cpiite like area. The child is fre- 
quently left to liis own devices to bring 
liquid-volume measure and solid-volume 
measure into a common system. 

Angle measure in the plane 

.A fma! example of a measure functi<^ri 
in the sense of the mathcmaticiaif s nice 
world of exactitude as opposed to the 
world of practical measurement is that of 
angle measure. The measure function for 
angles is considered because history and 
traditions confuse die defmition of the 
measure function, as well as the fact that 
angle measure is more complex. 

The length funeticMi and the area function 
are intuiti\'e!y more obvious than angle 
measure for several dilTcrcnt reasons. First, 
it should be noted that we can talk naturally 
with precision about length and area. The 
word length denotes an attribute of a line 
segment. The word area denotes an attri- 
bute of a region that is difierent than the 
region itself, but in the case of angle 
n'lCasure, the word angle is used for the angle 
itself for the measure of an angle. Often 
you will encounter statements such as "The 
angle is twenty-five degrees." We can speak 
of I lie area of a square and know we are 
referring to the measure function. However, 
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not having ii spLX'ial word for tlic measure 
allrihiuc of angles, we need to use a plirase 
like (in^k' nicasufv in order to remove the 
ambiguity of confusing an angle with its 
attribute. Some texts attempt to remove this 
ambiguity by writing ABC for the angle 
and 4. ABC for the measure of ^.ABC. 
This helps, of course, but does not remove 
the problem of ambiguity when teachers and 
learners arc operating in an oral mode. 

Second, the characteristics oi" the angle- 
measure function depend on the nature of 
the deliniiion of the tiomain and its ele- 
ments. It would be nice if wc could simply 
say the (ItMnain is the set of all angles in 
the plane, but the history of mathematics 
indicates that tiiere arc at least a half- 
dozen altern:ite ways of defining angie. 
Angle has been delined by saying it is the 
rotation of a ray around its endpoint. by 
saying it is the wedge consisting of all the 
points of two rays with a common end- 
puint and all of the points of tlio rays in 
between, and by indicating that if two rays 
with ctimmon endpoint lie entirely within 
a half-plane, the angle is the set of points 
of the rays. Many of the alternative defini- 
tions are to he found in currently used 
texts. Corresponding to the choice of 
definition of elements of the elomain is a 
set of intuitions that cliiklren necti to ac- 
quire in order t(^ pc^ssess a "fecT' for the 
angle-measure function. 

iMnally, the nature of tlie range the 
angle-measure map has a potential for 
providing confusion. The student of tri- 
gonometry, in coping with Dcmoivre's 
theorem, may want to distinguish between 
angles with measures of 75 \ 435'\ and 
SOf)" . From our experience we know angles 
of measure 7.S ' and 2S5" are remarkably 
similar. (Is this a problem of the nature 
of the domain or of the of the func- 

tion?) A long, historic tradition using 
degrees as the unit of the range set exists, 
when for many problems it is more nat- 
ural to use radians and provide a more 
direct tie to the real numbers. 

Rather than careUiUy describing the 
^''"•ractcrislic function for anule measure 
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and becoming bogged down in the prob- 
lems discussed earlier, the following sec- 
tion highlights some of the desirable prop- 
erties for the function. The function should 
map into the set of real numbers such 
that — 

1. F.very angle shall have a ineasure. 

2. Congruent angles have the same range 
value. 

3. If two angles are adjacent (that is, the 
angles have a common vertex and side but 
are nonoverlapping), then the sum of iheir 
measures should be the same as the mea- 
sure of the angle formed by their "outer" 
rays. 

4. Given the measures of the angles 
formed by three rays from a common end- 
point (see fig. 13). it can be determined 
which ray falls between the other two. This 
is to say. given the measures of lAOC. 
IBOC^ and J. AOS. selection of one of 
AO. BO. and CO as falling between the other 
two should be apparent. 
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5, Given the measures of two angles, it 
can be determined which angle is larger. 

6. A unit measure for angles needs to be 
determined. 

Mtist of these properties have an analogue 
in the length function and area function. 

The primary difference in the measure- 
of-angles function comes from the fact that 
wc generally prefer tiiat the range be 
modulo a real number. If degrees arc the 
range unit, then the angle measure A is ex- 
pressed in terms of A\ a real number less 
than 360. 

- /r(mod 360) 
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T'liis is to say. A' - /( — /p360 wIktc 
// G integers mid 0 < A' < 360. In terms of 
radians, A - A'{mOi\ It slioiild be 

noted that a ratio-scale transforniation 
converts the degrcc-unit scale to the radian- 
mcasurc scale. 

Hach of the properties discussed above 
warrants tiie attention of the teacher or the 
instructional-materials designer in order to 
build the intuitive foundation from which 
ti e learner operates. The building of the 
intuitive foundation is more complex in the 
case of the angle fvmction than in the case of 
the length function or the area function 
because the attributes of the domain set and 
the range set are a fleeted by the choices 
established in respect to ovir traditions and 
history. 

Angle measure is also complicated by the 
fact that alternative natural means of 
accurately describing angles and their 
measures exist. It is qviitc reasonable to 
describe angle measvirc in terms of ratios. 
For example, consider I ABC in iigurc 14, 
Some yovmg children appear inclined to 



B 




ML'. 14 



lind a point v a spcciticd distance from B 
and then to determine a length k on a line 
perpendicular to AB through .v. This 
procedure could be used to measure all 
angles, but it poses some inconveniences. 
This method, similar to a carpenter's use of 
his square to measure angles, is a natural 
alternative to measure in the degree sense. 

Mass 

Understanding of mass is more com- 
plicated for children than arc th ^ under- 
standings associated with length, area, vol- 
ume, and angularity. The crux of the mat- 
ti^^i^ perception. To hold two objects in 



your hands and say which has the greater 
mass is diHicult. In determining length 
comparisons, the child can simply place 
one object against another and look. Ap- 
paratus is required to provide the child 
with the perceptual refmcmcnt to gen- 
erate his mathematical model for mass. 
The child's perception seems a step further 
removed from the model for mass that he 
is building than in the case of these other 
measures. Two words, equilibrium and 
co/nparison, serve to categorize some of 
the perceptual dillicviltics involved. 

Equilibrium is a word describing the 
system of balance necessary to the mani- 
pulation involved in linding the mass of 
an object. Given a quantity of tlovir on one 
pan of a beam balance, as shown in figvire 
15, the learner must established a balance 
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by adding standard masses to the other 
pan. Determination of the cquilibrivmi in- 
\'olvcs perceptions of the objects or their 
attributes that appear indirectly related to 
the original quantity of Hour. For one thing, 
the mass added to the n on flour pan is per- 
ceptually distant from the flour — how can 
the mass addctl to the nonilour pan be con- 
cerned with an attribute of the flour? aMso, 
the determination of the equilibrium state 
hinges on the marker on the scale at the 
top of the picture, but this marker is not a 
direct measure of the mass — a number to 
be part of the nKithematical model — but an 
indication or systcni c^f whether a state of 
balance is achieved. This indirectness of 
relation of the underlying perceptual base 
to the mathematical model is unavoidable. 
It introduces a complexity into the learn- 
ing processes. Developmental psychologist.s 
have shown that children's acquisition of 
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equilibrium ideas comes quite lute in their 
eoneeptual maturity. 

The seeond term, comparison, is another 
concept that is required of children when 
balances are used to provide the funda- 
mental perceptual data for building the 
measure concepts for mass. These ideas 
hinge on the child having a usable sense of 
the transitive property, "a < h and /> < 
c a < r," the heart of the comparative 
processes. The child should clearly en- 
counter the transitive property in measure 
contexts other than mass; this would give 
the child a background on which the teacher 
could build in preparation for transfer to 
tiie context of mass. Nevertheless, because 
the comparative aspect is so fundamental to 
mass and is so late in reaching fruition in the 
mind of the child, it demands special 
attention by the teacher. Confounded by the 
perceptual diOiculties of a balance system, it 
provides the child with significant problems. 

The mathematical model for mass gen- 
erated from perceptual data by the child 
is very similar to the models for length, 
area, and volume. Again, the important 
subeoncepts desired to characterize the 
mass-nieasure function are congruence, ad- 
ditivity. unit, and comparison. Acquiring 
the eomparistni idea appears to be at the 
heart tif children's dill'ieulty. In passing, 
one should ncUe that weight measure pre- 
sents the same (Mxler of learning diilieulties 
as mass measure. Mass is a more general 
concept than weight, since weight varies 
with variatitm in the strengths of gravity 
llekis. However, since it is hardl\' prac- 
tieal lor children to eompare the weights 
of a given mass in dilTerent gravity fields, 
there is prt^bably little to be lost by using 
mass and weight interchangeably during 
the early years ol" schcn^l. The ma "-weight 
distinction is grounded in seientilic prin- 
ciples rather than mathematical eonstraints. 
and its placement in the curriculum is 
within the domain of the science educator. 

Indirect measures 

The importance (^f mass and weight to 
a'" * mathematics curriculum is that it in- 



troduces the eoneept of perceptually in- 
direct measure. Length, area, volume, and 
angles are measured with units that are 
lengths, areas, volumes, and angles — the 
unit lookx like the object being measured; 
hut standard masses seldom look like the 
objects on the opposite pan of the balance. 

Measuring mass is also indirect in the 
sense tlint an intermediate device, the bal- 
ance, is used in the measurement. Unlike 
rulers or protractors, which simply provide 
copies of the units used in the measuring 
process, the balance serves to magnify our 
senses. Here is the first introduction of a 
measuring tool or instrument. 

Measuring instruments may also mea- 
sure in yet another indirect way: they may 
measure effects. In a zero-gravity field, 
mass may be measured by noting how 
much a spring 's stretched when it pulls 
the mass with a given rate of acceleration. 
Temperature is measured indirectly by 
ntning the e fleet on the length of mercury 
or alcohol in a narrow tube. Electrical cur- 
rent is measured by the force it elTects on 
parallel wires. 

Thus, measurement.s may be indirect in 
three diilerent ways: perceptually differ- 
ent units may be used, measuring instru- 
ments may magnify senses, and measures 
ma\' be made by noting elTects on other 
cibjeets. The extension of measure to iti- 
direet factors calls for a lilending of both 
mathematics and science. 'I'he properties 
of mathematical measuring f.-iiclions iiuist 
still be preserved, hui properties of scien- 
tific measurement must also be considered. 

The measure functions length, area, vol- 
ume, angle measure, and mass have been 
considered from a mathematical point of 
view. For each it has been observ'cd th<it 
only one measure corresponding tc^ a given 
domain element exists. Further, some char- 
acteristic primitive subeoncepts exist for 
each function and are necessary if a learner 
is to build ;i fiinctiiMial gestalt. Many (^f 
these eharacteiisties, such as the et|ual- 
measures-for-congrucnt-domain elements, 
adililivity, and ordering, appear common 
to all the functions. 
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Measure in mathcniaiics has a key cle- 
ment of exactiludc tliat is missing in scien- 
tific or practical measurement. It is meas- 
ure in the ideal world of the mathematical 
model of physical entities. This point of 
view concerning a distinction hetween 
nicasiire in niathcniaties and in the physical 
world is relatively recent. A nmthematician 
or scientist in the age of Eiilcr would not 
ha\e worried about the distinction; intlectl, 
lie might not have considered it valid. 
Freeing the mathematics of measure from 
physical reality awaited a careful formula- 
ticMi of limit processes and the arithmcti- 
zation of analysis. It should he noted, in 
pas.sing from this discussion of mathe- 
matical measure functions to the follow- 
ing discussion of measurement processes 
in science, that not all is simple. We have 
not attempted to argue the separation but 
rather have assumed it as a foundation of 
our discussion. The philosophical argu- 
ments arc not simple and arc beyond the 
scope of this document. The interested 
reader may turn to Eddington (1939), 
liridgman (193S), and Churchman and 
Ratoosh ( 1959 ) if he is inclined to pursue 
these distinctions further. The point of the 
distinction is this: the learner needs a dif- 
ferent sort of intuition when playing in the 
garden of exactness than when working 
with the processes of measurement. Some- 
times these di (Terences are confusing to, 
and confused by. children. 

A concluding point about measure in 
mathematics is in order before turning to 
measurement in the world of the scientist. A 
modern mathematician often considers a 
space of objects or entities to be a measure 
or metric space. A space is de lined by 
McShane and Botts (1959) to be metric if it 
is a set S with a function fu meeting the 
following minimal set of conditions where 
.V, r, z (T: s: 

[ . ///(.v, .V) - 0 

2. (A r-' r) > //;(.v, r) - ;//( r. v) > 0 



Each of the examples — length, area, and 
angularity — meets these minimal criteria; 
but, in addition, because of what tnir in- 
tuition and experience indicate is useful 
and productive, we 'lave imposed addi- 
tional characteristics on the characteristic 
fiinctitMi anti. int ^ctL on the entire .space. 
The condititMis for a ttiptilogical sj^ace to 
be metric are pmvcrful in that they ac- 
commodate man)' dilTcrcnt characterizing 
fundi tins. Perhaps these three character- 
istics need to he stressed above all else, 
but that alone would not be suilicient to 
provide the typical lenrncr with a sense 
control ftir all the measure systems needed 
in mathematics. One must cope with the 
characteristics oi each metricizing function 
in the sense of what gives it a unit] uen ess. 

Measurement in science 

The measure concept of mathematics is 
useful to the scientist. It is his model for 
the practical world of observation. The 
scientist should understand the concepts 
involved, {ov he needs to fit his observa- 
tions of reality to the mathematical model. 
In many resjux'ts the sci en list's world is 
mtire co>mpIcx. It invoh'cs more ambiguity, 
relics on his tihservational prowess, and 
requires some skills not necessary in the 
clean world of mathematics. Measurement 
for the scientist contains the measure of 
the mathematician and much more. Fol- 
lowing are examples of measuring scales 
in science otic red as examples of the dilTer- 
ences. 

The geokigist uses relative hardness of 
minerals as one t(x)l to help identify 
minerals. A mineralogist. Frederick Vlohs. 
suggested in 1822 a hardness scale. Fol- 
lowinu is Mohs* hartlness scale: 



1. talc 

2. g\psum 

3. calcile 

4. Huorite 

5. apatite 



6. feldspar 

7. quart/ 
tS. topaz 

9. corundum 
10. diamond 
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To help identify a n^incral .v, scratch it 
with each of (he identified elements of the 
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scale. Mcist slcc! will lun he scratched hy 
apatite but will be scratched by feldspar. 
The hardness o\' any mineral can he de- 
termined this way. There arc inlermediate 
stages or, tlie scale; a finiiernail typically 
W(Hild register about 21 2. Tc^ each material 
can be a-^signed a scale numi")er by a proc- 
ess cjuite similar \o the ok\ rock, paper. 
seisstM's Lanie. Hcnvever, there are prob- 
lems: some minerals have one hardness 
along llie axis o( their crystal structure but 
another across the axis (e.g.. kyanite); 
therefore, the apparent characteristic fuiie- 
licm of the metric system simply is not a 
functi(>n. Further, there is not a nice prc>- 
portiiMiality in the scale, The relative dif- 
ference between the hardness of diamond 
and e(M'undum is not the same as between 
(.|uartz and topaz. Indeed, the numbers do 
not prtnide the base for operations and 
eomjiarisons between points on the scale 
that would make \'oy a **niee" measure 
function. 

For the geologist VIohs' hardness scale 
prinides a useful measure system. It is 
also a prime exanif^le of the problems (if 
observation in scientific and practical meas- 
ure. It does not yield a predictive mathe- 
matical system. It provides a scale for 
eategori/.aiion and for taxcMiomic purposes. 
In terms of our initial description of the 
relati(Mi between the physical world and 
the miKlci world of matheinatics. the op- 
eratio>ns of scratching and the jvrccption 
of scratching pr(nide the *Mit" for a u eakly 
ordered set that is the model. 

( Nftnfcf: partia[i>' oftfcred sc T) 

I. 

fmiim: ^criitchinu ;iiul ohsorvini: 

"Ihe mathentatics of the nuKlci does not 
[Mdvide a rich base for prediction. Mohs* 
hardness scale depends almost totally o\\ 
(Observation. It is not a ratio scale, as was 
considered in conjunction with ihc scales 
^ used for measuring temperature. Ratic^s o{ 
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distances between relative hardness points 
are not preserved when multiplied hy posi- 
tive numbers. 

Mobs' scale is an example of another 
l")asic categ(M'y of measure scales, namely* 
the ordinal scale. It merely assigns a rchi- 
ti\"e order to entities. The large majority 
of percentile achievement scales used in 
schools are also ordinal scales. If one stu- 
dent scores at the eightieth percentile on 
a standardized mathematics test and an- 
other sccM'cs at the fortieth jTcrcentilc. \"ou 
ca/]not state that one knows twice as much 
as the other: at best you may conclude 
that one student achieves better than the 
other. 7'hat is, an order has been assigned 
to their performance on the tesr. 

Nominal scales provide a third category 
of measure function that contrasts sharply 
with ratio scales and ordinal scales. Sup- 
pose a set of scientists was partitioned into 
the four categories of mathematicians, 
physicists, chemists, and psychologists. If 
each of the four subgroups were counted 
and the number in each category assigned 
to the name of the category, a nominal 
scale would have been created. This type 
of measure function is the weakest of the 
three types of measure .scales in terms of 
its inherent mathematieai characteristics. 
It is very useful for many kinds of in- 
formation-gathering and organizing tasks. 

The Richter scale, invented in 1935. is 
used to measure the magnitude or the 
amount of energy of an earthquake. The 
Richter scale is the range of a function that 
assigns a number to the maximum ampli- 
tude of an cartlufuake's .shock waves. The 
logarithm of the maximum amplitude is 
used to assign the number. Suppose the 
graph in figure 16 is the record of a shock 
wave observed at a seismographic station. 
The log,u (a) " 3 = Richter number, if 
(i is the maximal amplitude recorded in 
the course of the earthquake for a given 
distance from the earthquake, Richter scale 
values are dependent on the distance to 
the epicenter of the carthcjuake. Empiri- 
cally derived tables arc used to take into 
aecinmt this distance factor at difTcrcnt 



MHTRICATION, MliASURI', AND MATHHMATICS 



Length ^ i 



Time 



[■iu. 16 



obscrvalion posts. Now n is ;in obscrv;i- 
lion. It depends on standardized measure- 
ment reeordinii deviees. Taking the log of 
the measure is not necessary unless the 
scientist desires tlie eon\-enienee of being 
able to graph on a reasonably scaled and 
sized piece of paper. Thus, at n)any points 
on the practical side of measure nicnt. the 
arbitrariness in the selection of units is 
shaped by the conditions of measurement 
and the convenience of the measurement 
devices. Note that an earthquake of Richter 
magnitude 8 is actually indicating an en- 
ergy of lOJKKl times the energy of an 
earthquake of magnitude 4, I'urther. be- 
cause of the conservative factor of measur- 
ing only the maximal amplitude rather than 
all the energy released by the earthquake, 
it is estimated that an error factor of 10- 
is introduced. There is. indeed, no exact or 
precise measurement of the total energy 
released by an earthquake involved; rather, 
calculated and refined cstimaticMi of a sin- 
gle symptom of an earthcjuake's energy is 
given by the Richter scale. A precise and 
complete measurement model for the total 
energy release c^f an earthquake docs not 
exist, but the Richter scale is a suflicicnt 
approximation io be a useful, predictive 
mi^dcl. 

The Mobs* hardness scale and the Richter 
earthquake magnitude scale are not part 
of the everyday life of most learners. They 
provide nice contexts for study of the role 
of approximation and the arbitrary nature 
of assigning scale or measurement values 
to physical phenomena. They are relatively 
free of tlie eiMifounding cfTects on learning 
provided by prior measuring experience 
and linguistic usage. Thus, they didcr from 
^'q"M'c commonlv used base for teachini: 
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concepts and j) roe esses of scientific meas- 
urement. Length, area, volume, tempera- 
ture, w eight, time, and mass are each used 
much nunc extensively to establish con- 
cepts and processes (^f scientilie measure. 
The measuring of length and area are 
typically used as an instructional base for 
establishing key concepts and processes of 
scientilie measurement with the ycnmg 
child. 

One characteristic of scientilie measure- 
ment is the idea of arbitrariness. Within 
the measuring context, the measurer must 
select an appropriate unit of measure. Two 
concepts need to be established: first, that 
the measurer has a choice, and second, 
that sonic choices arc better than others. 
In the measurement of area. 1 could elect 
to cover a region with triangles, with 
squares, or e\'en with circles. My choice 
would depend on what i use for my mathe- 
matical model — -which would fit best with 
the rules of operation that I desire to use 
and the type of predictions I want to make. 
.My choice of unit may also depend on the 
kind of instruments I have available. If I 
have a rule scaled in decimeters, then I 
probably would not elect to measure in 
terms of centimeters, (This provides a 
practical yet compelling reason to replace 
English-system measurement tools with 
metric tleviecs.) For most measure sys- 
tems, tradition and obvious convenience 
establish my selection of type of unit. After 
selecting the type of unit, f need to select 
the size of unit. I would not elcet to use a 
kilometer scale to measure the length of 
a room nor a centimeter scale to meastirc 
the distance from Anchorage. Alaska to 
New York City. Judgment depends on 
convenience and the error factor that is 
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acceptable. The point is tiVis: the selection 
of a unit for measuring depends on the 
cluyicc of the measurer; it is arbitrary. In 
working within the English system, the 
matter of arbitrariness appeared to be easy 
for the teacher to establish. The same sys- 
tem — feet, inches, yards, rods, and miles — 
seemed so dilTcrcnt (because of the hor- 
rendous conversion computations) that the 
cIkucc factor ir. s^i. cting an appropriately 
sized unit seemed relatively clear, With 
conversion to metric, will it be so easy to 
establish arbitrariness and choice of the 
measurer as a factor? 

Unit selection is not necessary for a 
mathematician to have ;; metric space. 
However, many of the metric functions 
have a unit as an important characteristic 
in determining their nature. The Archi- 
metlian characteristic of length and. more 
generally, the tying of length to the real 
numbers, implicitly speciHcs a unit for 
the length function. Note, however, tliat 
the scientific [)rix*ess of measurement ccvv 
tains the characteristic of providing the 
user a choice of picking si/e. The selection 
of the si/e of the unit is within the mathe- 
matical model but docs not depend on any 
external characteristics, such as instru- 
ments used or what is to be measured. 

Another characteristic of tlic scientihc- 
mcasurement process is the estimation and 
approximation process. This characteristic 
has several facets. First, and particularly 
distinctive, is the fact that measurement 
scales arc based on rational numbers. The 
mathematician will state that the distance 
between two points is exactly \ 2 units: but 
rulers are designed to measure units and 
fractional parts of units. Indeed, limitations 
that are imposed by the selection of measur- 
ing instruments and by the base unit mean 
that limit processes cannot be used arbi- 
trarily to approximate a length that is an 
irrational number. Necessarily, measuring 
entails approximation and error, and the 
learner must become aware of this funda- 
mental fact of life. 

Mistorically. mctisurcmcnt evolved as a 
Q luntini: process. Whole numbers were 
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used to describe the number of units of 
magnitude necessary to measure an object. 
Indeed, we could have included measure- 
ment systems based exclusively on whole- 
number counting in our discussion of 
measure. The evolution of measurement 
concepts in Greek mathematics can be 
construed as leading from counting to ratio 
concepts anti ultimately, in the idealized 
Platonic mathematics of Eudoxus and 
Euclid, to modification of the ratio and 
proportion to remove the ambiguity of 
incO'^'" .-usurahlc nicasurcs. Mence, in a 
real . coping with the practicalities 

of measure established the ideal world of 
(he matfieniatics of irrational numbers. 

The measurer should also recognize the 
implications of error being part of the 
measurement process. If a measure in- 
volves error, then any operations on that 
measure apply to that error. Learners need 
to develop an aw-areness of this. If the 
length of an object is observed to be 20 
cm with an error of 0.05 cm, then if the 
measure is multiplied by five, the error 
as well as the measure is nuiliiplieti by five. 

The above discussion of arbitrariness 
and approximation has not developed the 
particulars of all that is involved. Rather, 
the point is that among the goals of teach- 
ing measure — be it in the context of mathe- 
matics, science, or practical application — 
the teacher needs to help learners realize 
that there is more to the process of mea- 
sure than the ideal world of the mathe- 
matical model indicates. Error antl ap- 
proximation are part of measurement. 

Many of the processes of measuring 
taught in .school mathematics address prob- 
lems of improving accuracy or reducing 
error of observation in a systematic way. A 
student may understand the measure con- 
cept of length but may not yet have realized 
the necessity and advantage of careful 
placement of the zero point of a ruler or the 
zero ray of a protractor. Although the 
learning of the metric concepts and the 
learning of the observational skills typically 
progress together, these distinctive observa- 
tional skills require careful attention in 
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their own right. Judging a iLMigtli in terms of 
tlic confidence interval derived from the 
unit of observation is also a portion of the 
scientific skills and concepts used to ct)ntrol 
error ■'^r accuracy. That is, to jndgc that 
point Ih the endpoint of AB in figure 17, 
falls within one unit around 12 is nt)t re- 
quired by the mathematics of measure but 
is ret|uired as an integral part of the measur- 
ing process in science. Although signillcant 
digits, relative error, absolute error, and 
many of the processes used to identiiy and 
control error have nice mathematics within 
the operations and the background con- 
cepts, it should be recognized diat these are 
not part of the foundatitins of measurement; 
rather, these processes are dictated by the 
necessity for a rationale for prt)cesses and 
skills directed toward improving the ob- 
servational processes. This is not to sa\' that 
these concepts and skills should not be 
addressed in the mathematics classrotim. 
Rather, it is to say that children ma>' be 
confused in act'iiiring understanding of the 
measure func'ifis and CtMUrtil of the 
observatioml pr esses and skills if their 
encounters \Vitli \ !"■:■-; two concepts arc not 
kept clear ,.nd dist net. 

11 12 !3 
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Klopfer's (1971) statement of a tax- 
onomy of educational objectives for the 
teaching and learning of science recognizes 
the discreteness of observational and mea- 
suring processes. Tying these processes to 
use of appropriate language, selection of 
appropriate instruments, estimation of 
measurements, and recognition of limits 
of accuracy, Klopfer is careful to remove 
model characteristics and formulation from 
the observing and measuring processes. 
Herein lies a problem: for the novitiate 
(Icv'L'loping a measurement system for, let 
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us say, length by an incjuiry or discovery 
process, it is clear that the length function 
is part of Klopfer's separate and distinct 
"model characteristics and formulation." 
.After the length function and its char- 
acteristics are acquired, is this a part of 
a theoretical model to be tested and, per- 
haps, reformulated? Clearly not. But, in 
the teaching of science, it is not precisely 
appropriate to label the length function 
as a portion of the measurement instru- 
ment. F.ven in talking about processes of 
scientilic inquiry, some knowledge should 
be accepted as such. VU)rc impt)rtantly, 
the teacher of science needs to think care- 
fully abt)ut the mathematical modelling 
aspects of his science, recognizing that 
not all models are in the process of l\)r- 
mulation even in the teaching of inquiry 
processes. 

.A final word ct)ncerning science, mathe- 
matics, and measurement is in order. 
The measure functions of the ideal world 
of the mathematical nuidel are firmly 
grtiunded in the world of the practicalities 
of measuring. The nu)dcls are refinements 
of what was and is observed in manipulat- 
ing real objects. The process of relating 
actions or operations with objects to 
operations in the mathematical realm is 
a powerful idea of mathematics and 
model building labelled with the word 
lionioiuorpliisni. A simple example of a 
homomorphism is that of sets with the 
operation of union and numbers with the 
operation of addition, as shown in figure 
IS. .A homomorphism is a function that 
relates ojierations within one set to op- 
erations within another set. This is pre- 
cisely the structure that relates using real 
objects in building a model of operations 
(such as joining line segments end to 
end for deiermining length) to using the 
characteristics of the length function in 
building a mathematical model of the 
length I'unction, Clearly, children need to 
acquire concepts, skills, and intuitions rel- 
ative to the real world of operations 
within the j")hysical and manipulative con- 
text; this supports and extends the in- 
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iiKilics. 1 1k' muhIl'I is. io ;i i;iri:c 

cxU'iH. a \Vi)rUi oi' synihi^ls aiul i^pcralion^ 
iMi (lu1^c svinhoK. each ojXTalinn possc^s- 
iiii: an analogue or parallel in (lie physical 
world, i he hnililiny ot' hiniUMnorpIiisms 
hctwccii the phy^ieal world aiij the con- 
sirikicd W(Miti (M' (he iiialheiiKilic;!l iiKHlel 
is ific heart o\ (he ^Lienlilie-iiujuiry 
proeessi.-s so erilieal lo (he ilevelo[MiieiU 
of seienec. Klopt'er\ hiLihcr-le^ el objee- 
:i\es tor iiKiuivy leaehini: aiki leaniinii ai'e. 
iiuleeil. sueeiiiedy siininiari/eii b\ ^ayin!l 
ifiat ihe taxonmny is t!iree(eci lo hiiikiiiiL! 
■■iiiorphisiiis*' in a eLileMlatetl wa>'. Mathe- 
niaties iL-aehers eaii support ami exieiul 
tile ilevclopnient i^l' iiutiitioiis tor ^eie[l(iIie 
iiKiuiry h\ inaintaiiiiiu! a stress on the 
honioniorphie or inotleMniiUlini: aspeet^ 
oi' measure, ^hi^ is to sa>. a niathenialies 
teacher shouUl eonsiantly stress the clif- 
ferenee fK'lueen the [>hysieal wovlil with its 
operations anil (he model u'orUi \\iih its 
operations, uhik' at the same lime reileet- 
iny! that (lie iiperations are mirrored in 
eaeh other. C'oneepN. skilK. and intiiiti(Mis 
nnist be deve!(^[K*d \\itli some (horoiij^hness 
ill eaeh s\^tenl. tor iearnini: in one s_^^(e[n 
i^ supportive ot' learninL' in the other. 

Teaching measure: problems 
and activities 

In the (oreLiiMUL^ seeti(Mi. measure was 
examined from the matliematieal point o\ 
\ie\v. The [nnpiK^ of this section is to 
consijer pe^Iai^oL:ieal ap|ii'oaehes to mea- 
sure from tlie vantaiie [u^int of instruc- 
tional anti ["isulioUiyiea! research. 

Tliree remarks are in (M"der before \vc 
^b.M^jn. birst. the research lindiiiL's of the 
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ehikl de\el(^pmeiU j^sycholoizists are gen- 
erallv eon^is(ent with the iMieiUaliiMi to 
primilive subc(^nccpls for each character- 
istic mcLisLire function, i'he pi'oblems in 
concL jit aeipiisition identified by such re- 
seaichers as i'iai:e(. Inheidci-. and S/emin- 
ska ( SmedsUmd ( \ ^)(^? ). Stelle 

auLl Carey ( iW71 ), Lovell ), Skcmp 

{ M)7 1 ). and Sinclair { P)7 1 ) tend to 
loeali/e on the ehild's failure to incor- 
[^oraie a subeoncept into his eoi:nitive 
sehemata ftir measure. 

Second, the word i/uin'n'o/i was used 
freely in the [Mccedinii see(i(Mi. f his sec- 
tion relleets an orientation toward (he 
ciiild's constructing: pereepluai and ccm- 
ceplual intuiti^nis based on his iiUeraci as 
with the ph\sieal eiuironment or v : . the 
homomorphie world of matlieniatical 
structures and operations in nicasurcmcnl. 
The cvMi^piMienis of the hoiiuMiiorphisni 
pi'ov ide tile base for die intuiliiMi. IndcccL 
intuition in the honuMiiorphic structure of 
measure is similar to what ps\choloizists 
lalx'l with the wiwd transfer. It dilTers from 
the (radii ionai views of transfer in that the 
"niorphism" provides an i>rientiniz conncc- 
liiMi betvveen the sii-uetiu'cs. Ihe functional 
connection is ^tron^er than analouy. com- 
mon ek'tucnis. and other mechanisms 
idcntilied as facilitating: or establishing 
transfer. Transfer is. in a >ense. 'Tiiiiicd'' 
or "wired" b\ the tiLilil. functional relation- 
ship belWL-en the domain and rani:c sets 
and their resjX'cticc operatiiMis. IntuiliiMi. 
then, is constitutetl of ciMieepts learned on 
each of the ''sides'* of die h(Miiom(^rphisni 

the real world of manipulation o{ physi- 
cal entities and the world of die nuuhc- 
niatieal tiiodel. 
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"I"hird. ideas aiul concepts of mciisufc- 
iiicnt arc noi unitjiic ilic particular cliar- 
aclciislic-runclion system. There is a 
j^arallclisfii hetuccn systems o!" measure. 
In some eascs the parallelism is weak: 
there is little similarity helween the striic- 
uire of Mohs' hardness sCale and (he mea- 
sure system lor \oliime. In other cases the 
similarity is stroiiu: in the Faiiilish system, 
foot-poimds and BTl's "behave" in the 
same way. Man>' of the jTrimiti\e >ub- 
C(Miccpts f(M" IcuLilh ha\c an almost exact 
tinaloiiue in area measme and in \()lume 
measure. In the traditional sense, the 
parallel structures indicate transfer to be 
an important instructional goal. On the 
one hand, it appears surprising that trans- 
I'cr is seldom an outcome of instruction, 
given the se\eral measure structures that 
a child encounters in the elementary 
school, (he common elements lor the 
measure structures —such as aLlditi\ity. 
units, ctMigruencc, anil C(MiijTarison — would 
appear to facilitate transfer, but children 
and adults often need to relearn these com- 
mon characteristics of measure s>sten]s 
when enctuintering a new s>stcm o\' mea- 
sure. On the t>thcr hand, lack of transfer 
ma\' not be siu'prising but should be pre- 
dictable from what is known about htnv 
children learn. The conunon elements arc 
svstem ideas — part of an interrclatcil com- 
plex that proviilcs the fouiulation of mea- 
sure structmvs. i hc chilil s cajxibiiity for 
handling and using measure struetmcs 
charLicteri/es the mature learner who has 
attained llie formal reasoning stage of the 
Piagetian model of cogniti\e dc\'clopment ; 
[Tcrhaps curricular designers and teachers 
expect transfer bcfiMC ciiiklrcn are read\ . 
Altln)Ugh children encounter cacli of tfic 
ideas before attaining the ftManal reas(Miing 
stage and can indeed use the concepts 
scparatcl)'. can tfiey use them in tiic struc- 
tural sense? Perhaps consideration of 
transfer as a specific object i\e of insti'uc- 
lion should f)e cfcla\ed until the cfiilci at- 
tains the maturit)' of ihe junior hig!) school 
years and then be addressed with con- 
Q I attention. .A potenliallv siLinilicant 
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h\p(U}iesis C(Mieerning the teaching o( mea- 
sure is whether children who are at the 
{^iageiian fo rnuil reasoning stage can he 
led luow easily (i^ transfer concepts from 
one measure structure t(^ aiunher if the 
primitive subconcepts are cmphasi/cd in 
instruction for children at the pre~formal 
operations stayes of de\'elopmcnt. 

The parallelism between measure func- 
tions discussed in the preceding para- 
graph prcsuiiies that the fuuctioiis are 
alike. The parallelism facilitates transfer 
between ratitvscale measure functions, 
i-laiic^-scalc measure systems possess the 
most pcn\erful inherent mathcmalieal 
structure and arc. ccTnsc(|uently. the most 
used and pervasi\-e of measure svs terns. 
.All metric scales are ratio scales. Some 
Useful metric measure scales are. c^f C(Uirse. 
derived scales in that they are C(Mnbi na- 
tions o\ directly measured attributes. 
\'eIocii\ is such a dcri\'ed scale, since it 
is the composiii(in of a distance function 
and a time function, ['or derived scales, 
[he ratio characteristic may be obscured; 
a tecjcher wny therefore want to present 
learners with situations in which all but 
one of the measured attributes are held 
constant in order to highlight the ratio 
character of the derived scale. 

Hut not all measure functions and scales 
are alike. I^rcviously. we examined (^dinal 
scales, such ;is Moiis' scale, aiul nominal 
scales, such as those ccninting scales de- 
ri\eil fiom calcgori/aticMi of sets, riiesc 
pnnidc the teacher negati\'e instances to 
incor[)orate into instruction \'oy the pur- 
pose of highlighting important character- 
istics of the ratio scales. 

The purpi^sc of the next section is to 
identify some troul'ilc spots in instruction 
Ciinccrning meusure and mcasurcmcfit. The 
instructional problems identified are all 
c(Micerncd with ratio scales, in recogniticm 
of the [>cr\asive character and importance 
of ratio scales. The fact that metric measure 
is !*alio-sca{c measure attests to the impor- 
lancc of their h'milation. Allh(HJgh the dis- 
cussion of maiiv of tiic problems is specific 
(o a single measure context, generally the 
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discussion niiiy be cxiLMidcd to i\ny nitio- 
scalc context. 

Specific instructional problems 

Children have dilTiciilly incorporating 
the idea of unit into their cognitive 
schemata for measure (Montgomery 1972). 
Precise iiifonnation concerning the difli- 
cuhies with the idea of unit is far from 
comprehensive — more basic research con- 
cerning ciiildren's development of the unit 
eoncepl is needed. There is some evidence 
that cltiidren benefit from early, extensive 
experience with unit-domain elements for 
a given measure function before emphasis 
is placed on the fact that the measure func- 
tion maps the domain element io one. 
A man's article, which appeared in the April 
1974 Arithmetic Teacher, concerns gco- 
boards and the area function; it demon- 
strates an approach emphasizing the unit 
as providing a base for covering an area 
before stressing the map to the range ele- 
ment I. Note that this approach can also 
build to the Archimedian subeoncept, and 
with tlie incorporation of counting activi- 
ties, it can build to a child's acquiring a 
sense tiiat each doniain elemciit maps to a 
number. Comparable manipuhitive activi- 
ties are readily invented for linear atui 
angular measure. The child has experiences 
within the context of the physical world 
and acquires a manipulative base for the 
homomorphic operations with the range of 
the function. 

The child's progress toward accjuiring a 
concept of unit lias been sliown to be im- 
proved if the instructional strategy encom- 
passes examination of two measure systems 
that possess unit-domain elements. Mont- 
gomery has stated that children's under- 
standing a unit lengtli is enhanced by 
experience with area units and vice versa. 
Slie has also demonstrated that children 
can acquire this subccMicept as early as 
grade 2. 

The payo(T of examining with children 
two nu'asurc systems possessing units sug- 
^e«sts there might also be an advantat^e in 
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comparing measure systems that arc not 
alike in the sense of one not possessing a 
unit. Research indicates the benefits of 
positive and negative instances for con- 
cepts being incorporated into instructional 
sequences (Shumway 1973), but how many 
curricula ask children to compare measure- 
ment systems, such as Mohs' hardness scale, 
which lacks a unit cletnent in the domain 
space, to other measure systems, such as 
area? Shouldn't learners explore what char- 
acteristics of a measure function arc a 
result of its possessing a unit? 

One characteristic of the unit within the 
context of measure functioris is more scien- 
tific than mathematical: the arbitrary na- 
ture of selection of the unit. The selection 
of kilometers to measure the distance be- 
tween Chicago and Chattanooga is a matter 
of judgment. Selection of a unit does 
possess an afTcctive component; an auto- 
mobile engine with a 2000-eubic-ccntimctcr 
displacement may be more appealing than 
an engine with a 2-liter displacement. Judg- 
ment cif convenience is rccjuircd and this 
judgment depends on many diverse factors, 
but how does a learner acquire this judg- 
ment? .Arbitrariness in itself is a concept 
requiring some maturity and sophistication. 
It may well be that the cumbersome calcu- 
lations within the English system have 
helped learners realize the arbitrary char- 
acter of units. With the convenience of 
changing units within the metric system, 
will children lose some jierception of the 
arbitrary nature of unit selection? 

A basic property of most measure sys- 
tems discussed hcretcjfore has been the 
additivity property. For a measure func- 
ticm ni mapping from a donmin of elements 
(I; to a range space, we can write: 

mid, \J (/,) - m((/,) + mU/,) 

where 

(/, n i/, = 4> . 

The essential intuitive concept that children 
must acquire before dealing with the num- 
ber concept is the conservation of the 
whole. (/, vj (I,, on subdivision into parts. A 
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child must accept, fov example, that a line 
segment will cover as much of another line 
as the segment brt^kcn into two or more 
pieces. The typical child of kindergarten 
age does not readily conserve in this sense, 
whatever the measure function. Tiic hest 
operatitMial strategy for helping the child 
appears to he simply to give him consider- 
able experience with conservation situa- 
tions. Some teachers attempt to protect the 
young child from conservation situations, 
arguing that he is not ready, since he 
cannot function correcdy. This is an error 
in judgment for two reasons. First, it is 
futile; the child encounters many conserva- 
tion situaticMTs that are outside c^f the 
teacher's control. Second, experience within 
the conser\-ation, or, in measure-function 
terms, additivity, context is necessary for 
the eventual acquisition of the concept. 
Piagetian psychology argues for the neces- 
sity of experience: readiness as a limitation 
is more t)f a condition determining when 
the child should be held responsible for 
producing and using the concept. 

The child needs to manipulate situations 
requiring ctinservation and have the oppor- 
tunity to test his perceptions. The child 
probably does not have adequate control of 
con.servation until his thinking matures to 
the point that he can operate in contexts 
requiring complementation or, in the range 
space of the measure function, subtraction. 
That is, in handling area on a geoboard, 
if the child is to find the area of the shaded 
triani^Je in fiaure 19, then he looks at the 




Fig, 19 

square as a universe and reaHzes that the 
triangle i.s the complement of the union of 
the three triangles labelled I, II, and III. 
Here the computational advantage in the 



range space is, of course, clear, but the 
maturity of handling conservation in this 
"subtracdve" or complementation form in 
the dcMiKtin space is a clear indication of 
the capability of the child lo use conserva- 
ti(m in his reasoning within measure sys- 
tems. 

Additivity and congruence, the two con- 
servation subconcepts for ii measure func- 
tion, are factors in almost any learning 
concerning measure. The unit concept de- 
pends directly on the child possessing a feel 
for congruence. To measure the width of a 
desk by determining the number of paper 
clips that can be laid end to end across the 
desk requires that the child have congru- 
ence under control. Moreover, additivity\s 
relation to conservation on subdivision into 
parts is the fundamental psychological tie 
between the manipulative, physical world 
and the mathematical model world of com- 
putation. As such, these two primitive sub- 
concepts for measure functions are psy- 
chologically among the more important 
elements of the child's intuitive base for 
measurement. 

Children apparently have more difficulty 
in gaining control of the ideas of compari- 
son than in using units in measurement. 
Developmental psychologists have found, 
for example, considerable difTcrence in the 
ages at which a child can function in par- 
ticular measure systems; the child may be 
able to compare lengths up to two years 
before he can accurately compare mass. 
The conceptual area of comparison appears 
to be complicated by the child's need for 
words to express the comparison relations. 
Relational words and phrases such as "big- 
ger than," "less," "more than," and "not 
as large as" are more difficult to learn than 
those that name ob'^cis. Many develop- 
mental, psychologists have observed that 
the language factor is confusing and inter- 
feres with their attempt to design experi- 
ments and tests to ascertain precisely how 
children acquire control of comparison. 

Some distinct problems with which learn- 
ers must cope on the path to a mature 
understanding of comparison have bc-:n 
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found. One striking diHiciilly is tlic com- 
parison ot* olijccts that arc separated; the 
child goes through a phase in which two 
objects in close proximity can he conip:'red 
correctly, hut the same two objects, when 
separated by distance or a visual barrier, 
present the child with an inordinate amount 
of dinieulty. Fhis is analogous psyciioiogi- 
cally to the nialliematiea! situation of mov- 
ing fron\ UKwsuring length on one line to 
measuring length on dilTerent lines; the 
child must apparcjitly create a mechanism 
for con\paring each of the objects to a third 
standard. The accurate comparison in both 
situations (with two objects together and 
separated) proceeds without any assign- 
ment of nun'iber or employment of a mea- 
sure function. The child progresses through 
a stage of rudimentary covering similar to 
a primitive use of unit in which one object 
is compared directly to another. If more 
than one dimension is involved — for ex- 
ain[)Ie, width and length in comparing the 
size of rectangular regions — the child con- 
sistently fixates on a single dimension be- 
fore maturing to comparison on a more 
appropriate basis. To date, no instructional 
strategy other than repeated experiences 
followed by routine evaluation of the ac- 
curacy of the comparison appears to cor- 
rect this dinieulty. 

Another distinct didiculty of the child is 
building inferential capability into his sys- 
tem for comparison. Acquisition of the 
transitive property for measure .systems 
comes later than the pairwise comparison 
but oilers the child a portion of the reason- 
ing base that he needs. Seriation or the 
capability for ordering a finite set of ob- 
jects by si/e further extends the capa- 
bility of the child in dejiing with com- 
parison. 

Learning situations for comparison seem 
to automatically include consideration of 
the subconcepts related to conservation. 
Asking a child to compare tw^o sheets of 
paper, A and /i. by placing one on the 
oiiicr, as in figure 20, and at the same time 
to ignore the uncovered portion of B is 
dinieult. Indeed, the child's attention should 
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be focused on the uncovered portion. For 
pairwise comparison, experience with addi- 
tivity's base of conservation is inescapably 
given, and congruence inextricably appears 
as part of the experience of the child in 
using a third unit for comparison of two 
objects. 




Fig. 20 



The Piagetian model of how children 
de\'eIop geometrical concepts identifies the 
important intuitive components of the phys- 
ical, /manipulative base for the measure 
functions. Although our discussion has been 
general in the sense that it has cut across 
dilTerent ratio-scale measure functions, each 
of the primitive subconcepts has played a 
role in the examples given. The Piagetian 
model identifies p.sychological analogues 
for each of the subconcepts. 

The emphasis on Piagetian psychology 
is not all that helpful to the teacher in 
many respects. It docs not, for instance, 
specify a best sequence for children's cur- 
ricular encounters with ideas. Indeed, it is 
dinieult to specify a sequence, since tho 
concepts are so intertwined. It docs, how- 
ever, strongly afllrm that readiness is a 
factor in teaching measure. First, measure 
for any characteristic function is a system, 
a structure of subconcepts. Consequently, 
it should be noted that system ideas arc 
characteristic of mature learners in Piagct's 
model. If you accept his model for con- 
ceptual development, then you should ex- 
pect control of a particular measure func- 
tion to come at the upper elementary or 
junior high school ages. 

Second, the particular primitive sub- 
concepts will come earlier, before the child 
has a grasp of the total system of the func- 
tion. This means that experiences with each 
sLibconcept must be a part of children's 
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geometrical experience early in their math- 
ematics instruetion. The Piagciian model of 
(levelopment entails strong implications for 
instruction in terms of readiness. The im- 
plication is that children /iiusi be provided 
opportunities for manipulative experience 
with each primitive suhconcept within a 
variety of measure functions. Conservation 
or additivity should be examined for length, 
volume, area, time, and mass. Rate and 
force, as well as Icnglii, area, and volume, 
should be used as contexts for exploratory 
experiences in comparison. The idea of a 
unit should be exploited as a source of ac- 
tivities for children in a variety of measure- 
ment contexts; otherwise the child will 
never be ready for the totality of the 
measure-function system of concepts. 
Rather than readiness providing an argu- 
ment against curricular experience in the 
case of measure, it provides a strong brief 
for extensive experience with a wide variety 
of activities. 

Third, readiness considerations indicate 
that computatit)nal facility for the measure 
functions is at a late stage in the learner's 
evolution of measure ideas. Computation is 
a system or structure idea. The child must 
have some understanding of operations and 
relations within both the domain space and 
the range space and, most importantly, of 
the functional connection between the two. 

The child's coping with measure con- 
cepts in seh(X)l is not limited to activities 
that are designed to teach measure. Activ- 
ity-oriented and manipulative-based mate- 
rials designed to teach computational con- 
cepts and skills probably constitute the 
majority of the child's experiences with 
measure concepts in most classrooms. De- 
veloping addition and subtraction facts on 
the number line (see fig. 21) is an cfTcc- 
tivc means of building conservation and 
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the additivity properties needed for facility 
in measure. To use the rectangular array 
to develop the multiplication fact of 2 X 
3 -~ 6, as shown in figure 22, requires 




.1 ; 

3 



the child to count scjuarcj. and provides 
some feeling for units. To ask a child to 
use a number line to lind how many 3s are 
in 29 informally dee lops an awareness of 
the Archimedian pro[)erty. (See fig. 23.) 

0 3 6 9 12 15 18 21 24 27 30 33 33 

Fig. 23 

The teacher should recognize that pro- 
viding children with these measure experi- 
ences is sound pedagogy for building con- 
cepts t)f measure. Albeit informal, in that 
teaching measure concepts is not the ex- 
plicit primary objective of such lessons, 
these secondary objectives provide an im- 
portant component of instructional plan- 
ning of which the teacher should be aware 
as the priinary goal of computational in- 
struction is addressed. 

There are, of course, two ever-present 
dangers of which the teacher should be 
aware. First, the teacher must not rely 
exclusively on physical models or objects 
for computational objectives if those mod- 
els rely on measure concepts to make 
them work. Multiple embodiments of the 
concepts give children different bases for 
acquiring the concepts depending on their 
aptitudes, interests, and abilities. A variety 
of types of models, some of which are 
developed on a nonmeasure base, are 
needed by those children who do not yet 
have full control of measure ideas. Dis- 
crete counting activities for establishing 
addition facts supplant the use of the num- 
ber line for the child who docs not yet 
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possess a full concept of length (sec fig. 
24), but the teacher should use the num- 
ber-line activity as well as the discrete 
model, since it provides ar. important as- 
siniilatory base for the conservation con- 
cept. As such, the teacher is providing a 
good intuitive foundation for both addition 
and measurement. 
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Second, if the teacher is not careful in 
the selection of models for computation, 
then the teacher risks establishing cither 
proactive or retroactive interference with 
learning; that is, learning can interfere with 
learning yet to come or can cause for- 
getting of something learned previously. 
The take-away model for substraction 
might be used to establish the fact 12 — 
8=4 by exhibiting a ruler and breaking 
of! four units to throw away, as in figure 
25. For the child who as yet does not 
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Fig. 25 



possess the conservation concept, an inter- 
ference with his acquiring it may be estab- 
lished. Or consider the case of the student 
who possesses a fairly firm grasp of the 
primitive subconcept of units; her teacher 
approaches multiplication of fractions 
tbusly: 3/4 x 2/5 means you find 2/5 of 



a unit and then 3/4 of what is left, A draw- 
ing like that in figure 26 is exhibited on 
the chalkboard. It is modified as indicated, 
with an accompanying dialogue indicating 
that at A the scjuare is a unit, a whole out 
of which we want 2/5. When we get 
the 2/5 at stage C, we know what to do — 
simply look at the rectangle as a whole 
unit (like we did at A ) and take 3/4 of it. 
Many teachers then return to the original 
unit and use one of the small rectangles of 
stage /: as a unit to cover the original 
square A. Eventually, this yields the de- 
sired 6/20. Clearly, the ''of approach or 
model of multiplication of fractions leaves 
something to be desired. For the student 
who does not have the unit concept under 
control, this is particularly true. In all 
likelihood, a proactive interference is estab- 
lished between learning about units of mea- 
sure in the context of fractions and the 
instruction in which measure is the primary 
objective. Parenthetically, it might be noted 
that the ''of" approach to multiplication of 
fractions has been the favored approach 
in elementary school texts. 

Texts contain many sections devoting 
exclusive attention to objectives concern- 
ing measure, but the incidental learning 
concerning measure, which accompanies 
instruction directed to objectives, should 
not be ignored by teachers and curriculum 
developers. Potential for this incidental 
learning depends on the .selection of the 
models or physical situations that provide 
the embodiment for the number concepts. 
The extent to which such incidental learn- 
ing can be and should be relied on as a 
significant component of a child's experi- 
ence with measure is an open question. 
Clearly, such activities cannot be relied 
on exclusively as the means to teach 
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measure; spceitie activities and lessons on 
measure are necessary. However, researclT 
appears to indicate unequivocabiy ihiU 
multiple embodin\ents of numerical con- 
cepts are preferred, since not all children 
have suHicient grasp of measure concepts. 
This is to say, any instructional program 
for computation that makes exclusive use 
of the number line should be viewed with 
extreme suspicion. 

This section has been concerned with 
some of the psychological problems o^" 
teaching and learning about measure con- 
cepts. Primarily, it has addressed the task 
of building intuitions for measure in the 
clean, pure world of the mathematical 
model. The problems of learners with the 
measuring skills and approximation judg- 
ments have not been considered. 

Metrication and the teaching 
of measure 

What are the implications of converting 
to the metric system for the teaching of 
measure concepts? Will acquiring the 
processes and skills of measurement be 
afTected by the metrication of school 
mathematics and science materials? l^hese 
questions are uppermost in the minds of 
many teachers of junior high and ele- 
mentary school children today. 

The questions are significant. Clearly, 
text publishers have begun the shift to a 
metric base for instruction in school science 
and mathematics. Materials based on the 
metric system are becoming readily avail- 
able to the teacher, so, for the most part, 
material availability is not at issue. (It is 
perhaps an issue in some locations, de- 
pending on the availability of funds for 
instructional materials.) 

The preceding sections have focused on 
instruction in measure rather than mea- 
surement. The use of the word measure 
was reserved for the mathematical-model 
components of instruction. The word 
measuretueni was restricted to processes, 
skills, and ideas in the real world of prac- 
tical and scientific use. The emphasis has 
u...^ '-n the mathematical structures within 



the mathematical models; the functions 
that characterize the measures for the 
models provide the skeleton of instruc- 
tional objectives and establish the transfer 
potential for measure systems. The dis- 
cussions have been independent of pnr- 
ticuiar measurement systems; for instance, 
discussion of the area function does not 
depend on the measurement system being 
English or metric, but it would be quite 
h.LSty and misleading to state that metrica- 
lion has little or no implication for the 
te;iching of measure concepts or that con- 
version will have small impact on instruc- 
tion for the mathematical-model ideas. 
Some representative implications are dis- 
cussed below, 

1 . Clulclren heed to develop niefric in- 
tuitions. Children learn measure concepts 
in the environment of the real world. 
Language, tools of measure, gross esti- 
mates of magnitude, and the like are the 
''stuff" of instruction. The child needs per- 
ceptual bases for learning, because mean- 
ingful experiences stem partly from famili- 
arity with the perceptual environment. 
If the child has no feeling for whether 
twenty-five degrees Celsius is cold or hot, 
the child does not have available one (of 
many) stimuli when he learns about tem- 
perature scales. The larger the number of 
familiar stimuli, the more likely the child 
will enjoy meaningful learning. The teacher 
who wants to capitalize on the motiva- 
tional potential of children's enchantment 
with the very large and the very small 
cannot presume children's familiarity with 
metric measurements if the children have 
had little experience in the use of the 
metric system. In short, the particular 
measurement system used in instruction, 
along with its vocabulary and tools, pro- 
vide the environmental components the 
teacher uses. Temporarily, at least while 
the country is in the process of conversion, 
metric usage will not be a component of 
many children's away-from-school experi- 
ences. Consequently, the teacher must sup- 
plement and extend children's experiences 
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with the metric world. In terms ol' assuring 
success in teaching measure concepts, 
providing e.\tensi\'e opportunities tor iniiki- 
ing metric intuitions is one (^f tiic most 
signilieant strategies a teacher can follow. 

2. CliiUlrcn need to acquire a usable 
nndcr.sfandini: and coniputadoncd javiiuy 
with dednnil frardon.w The payof]' of 
metrication tor most individuals will he 
the case of con\ersion from one meastire- 
ment scale ti^ another, but understanding 
i^f ihc CiMiversion process is jiossihlc only 
with understanding of decimal fractions. It 
is tempting to advocate earlier encounters 
with ilccinnils for children; certainly the 
accjuisition of understanding of decimals 
at an earlier age would facilitnte instruc- 
tion, hut this requires that researchers and 
cin-ricuhmi de\'elopLrs in mathematics ex- 
plore t]ucstions of the scope and seciuenee 
of children's experienees with decimals. 
The instructional sequences most com- 
monly used develoji the mathematics o^ 
decimal fractions from childrcirs under- 
standings of ciMnmon fi'aclions. Ltx[iIora- 
tory evaluations of cm-ricula that move 
directly from wliole-mnnher concejits or 
integer concepts to decimal fractions with- 
out the intervening stLiges of common- 
fraction instruction need to be ctrndueted. 
In siu)rt, imderstanding of decimals has 
assumed greater importance as a gOLil in 
school inatheinaMcs. 

3. 'I'hc uH'tricadon of Atncrican .\rli(><)l\ 
and s(K'iet\ d(H*s not decrease the im- 
portance of childreifs actjairinii concept^ 
ami skills for nondecifnal fraciions. C'liil- 
drcn need to accjuire a basic understanding 
of rational niunhers in all their forms in 
order to cope with important mathematical 
ideas. As with the decimal-fraction cm-- 
riculum of the pre\ious implicatioji. there 
are signilieant cjuestions ccMicerning the 
sequencing of children's encounters with 
ratitmal numbers that need explcM-ation. It 
may well be that instructional emphasis 
on conmion fractions should be delayed 
until after decimal-fraction understandings 

^ --ire acquired. 
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4. Metrication should allow teachers 
the freedom to include nu)re and better 
nicirsnrefnent activities in instriictioncd 
plans. Children ha\e needed e\tensi\'e ex- 
perience in coiuersion within the English 
s\'steni because of the complexities of com- 
putation with common fractions. Withcuit 
the distraction of this eompiUatiimal lewd, 
teachers shoidd be able to direct instruc- 
tion to the powerfid concepts of measure 
nun'e fret]uently. Although most author- 
ities agi'ced liiat careful attention to the 
fiuKlamentals of ineasiu'c paid olT in the in- 
creased achievement of students, they 
found — and teachers agreed — that spccitk' 
insti'iietion on conversion was necessary 
when teaching the F.nglish system. Con- 
N'crsion within the metric system will nol 
be a distraction and instead will reinforce 
basic eonee[its of mmieralion. Coiu'crsitMi 
between the F^nglish and metric systems 
will rarel>' be neeessar>' except tor a few 
technicians and should not be emphasized 
in the school ctu'rictikmi. It shotdd he 
noted that the fotmdational decisions of 
convenience of the scale or imit need 
special attention. The fundamental ideas 
of the ratio-scale transformations of dila- 
ti(Mi and translation, along with the con- 
comitant otucome of ratio invariance. have 
never received the attention they deser\ed 
at the secondary school level. Removal (^f 
cvunputalivmal dislraclivms shvnild provide 
I cache rs with the opportimiiy to reorder 
their priorities in planning instruction. 

5. Children need to apply nwasure con- 
i'epts iuul nieasureiiient processes to a 
vnrieiy <>i prohlcffis inr(>lvini,' the metric 
system. Convincing children t)f the cflicacy 
anel etricicnev of the metric system is per- 
haps best acctimplishcd through the use 
of the metric system in "reaP* situations. 
Rather than li frontal, tiresome assaidt on 
the ctMnponents of metric measurement, :i 
Ixdanecd program of direct instruCtitMi and 
frequent application of the ideas and skills 
in realistic problem situations is the best 
strategy. The use fact(M' has been fotind 
highly nunivating by many teachers. Use 
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provitL's the anuii]iLMU for the importance 
of the metric systctii. Max Bell's Mcuhc- 
niatical U.^cx anil Models in Our lu'cryday 
World {\972) provides numerous and 
diverse examples of ditTerent types of 
measure prohlems that teachers and stu- 
dents can find in observing the world 
around them. Repeated attention to the 
categories of problems represented in the 
Bell book strengthen problem-solving 
skills, build familiarity with metric mea- 
surement, and provide for a strong general 
education conij>onent of a child's experi- 
ence with measure. 

In conclusion, we realTirm the theme 
stated in the beginning: teachers shcnild 
not make a fuss abcHit metrication. Metri- 
cation is reasonable and rational; teachers 
should not lead children to anticipate non- 
existent diniculties, Tcacliers and cur- 
riculum developers can take advantage of 
the move to metrication to reconsitler 
and redirect the nature of instruction 
in measure eoncepls and measurement 
processes. This redirection should encom- 
pass building ii tuitions for the functional 
and homomorphic character of measure. 
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